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WHAT IS A QUANTUM GROUP?
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ORIGIN: MATHEMATICAL PHYSICS

• algebra of functions on a group G: F(G) = {f : G → C}
- group multiplication G × G → G ⇝ ∆ : F(G) → F(G)⊗ F(G)
- inverse G → G ⇝ S : F(G) → F(G)
- unit e ∈ G⇝ counit ϵ(f ) = f (e)
⇒ Hopf algebra structure (F(G),∆, ϵ,S)

• group ring C[G]: ∆(g) = g ⊗ g, ϵ(g) = δg=e, S(g) = g−1.
⇒ Hopf algebra structure (C[G],∆, ϵ,S)

• Quantum groups from mathematical physics:
Hopf algebras that provides solutions to the Quantum Yang-Baxter Equation
(Faddeev et al)

• Drinfeld-Jimbo 80s’: a large family of quantum groups by deformations of univesal
Lie algebras
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ORIGIN: NONCOMMUTATIVE FOURIER ANALYSIS

• Fourier transform on locally compact abelian groups

F : L1(T) → c0(Z), F : L1(R) → C0(R).

More generally
F : L1(G) → C0(Ĝ),

where Ĝ = {γ : G → Thomomorphisms} Pontryagin dual group. We have ˆ̂G = G

• For non-abelian groups, Ĝ is not a group.
Natural question: find a large category of quantum objects G, Ĝ which fit with
F : L1(G) → C0(Ĝ).
Answer by Enock, Schwartz, Kac, Vajnermann 70s’: Kac algebra theory in terms of
operator algebras

• Drinfeld-Jimbo’s quantum group goes beyond Kac algebras⇝more general analytic
theory of locally compact quantum groups (Woronowicz, Vaes,.. 80s’-00s’)
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ORIGIN: NONCOMMUTATIVE GEOMETRY À LA CONNES

• (locally compact) topological space Ω ↔ commutative C*-algebra C0(Ω) ⊂ B(ℓ2(Ω))

“quantum topological space” ↔ noncommutative C*-algebra
• symmetries on topological spaces ↔ topological groups

“quantum symmetries on classical/quantum topological spaces”
↔ topological quantum groups

“... it is important to solve the
following problems:
Find a nontrivial finite quantum
group of symmetries of the finite
space F.”

– Alain Connes
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QUANTUM SYMMETRIES OF FINITE SPACES

• A (classical) permutation matrix C = [cij]1≤i,j≤N ∈ SN is such that

cij ∈ {0, 1}, CCt = CtC = I.

The algebra C(SN) of functions on SN is generated by the functions C 7→ cij.
• Quantum permutations (Shuzhou Wang): Consider the universal C*-algebra A

generated by operators (uij)1≤i,j≤N s.t. for the matrix U = [uij]1≤i,j≤N,

uij = u∗
ij = u2

ij, UUt = UtU = I.

Intuitive notation: quantum permutation group S+
N = (A,U) and A =“C(S+

N)”.
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• Quantum permutations (Shuzhou Wang): Consider the universal C*-algebra A

generated by operators (uij)1≤i,j≤N s.t. for the matrix U = [uij]1≤i,j≤N,

uij = u∗
ij = u2

ij, UUt = UtU = I.

Intuitive notation: quantum permutation group S+
N = (A,U) and A =“C(S+

N)”.
• Interpretation in language of quantum physics: uij’s = observables

measurement on a quantum state ξ → random permutation

P(i → j) = ⟨ξ|uij|ξ⟩

Atserias,Lupini,Mancinska,Roberson,..., 19’-20’: quantum permutations much better
than the classicals one when contructing strategies in non-local games on graphs.
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GENERAL FRAMEWORK: COMPACT MATRIX QUANTUM GROUPS

• Compact linear group G ⊂ UN(C)
- uij : G → R, g 7→ gij coordinate function, C(G) = C∗(uij | i, j = 1, . . . ,N)
- U := [uij]i,j ∈ MN(C(G)) unitary.
- Group multiplication ↔∆(uij)(g, h) := uij(gh) =

∑
k uik(g)ukj(h).

• Woronowicz: compact matrix quantum group G = (A,U) such that
- A = C∗(uij | i, j = 1, . . . ,N)
- U := [uij]i,j ∈ MN(A) and Ū := [u∗

ij]i,j ∈ MN(A) are unitary;
- ∗-homomorphism ∆ : A → A ⊗ A,∆(uij) =

∑
k uik ⊗ ukj

Intuitively, write A = C(G).

• More general framework of locally compact quantum groups (not necessarily
matricial): Woronowicz, Vaes, etc..
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ACTIONS OF COMPACT MATRIX QUANTUM GROUPS

Recall the quantum permutation group S+
N = (A,U),A = C∗(uij | i, j = 1, . . . ,N) acts on

the C*-algebra CN = C({1, . . . ,N}) by usual matrix operations:

δi 7→
∑

k

δk ⊗ uki, ∀i ∈ {1, . . . ,N}.

Definition
An action of a compact matrix quantum group G on a unital C*-algebra B is an
∗-homomorphism α : B → B ⊗ C(G) with

• (coaction property) (α⊗ id) ◦ α = (id ⊗∆) ◦ α
• (nondegeneracy condition) span{(1 ⊗ C(G))α(B)} = B ⊗ C(G)

α is called ergodic if the fixed point space

BG := {b ∈ B | α(b) = b ⊗ 1} = C1.
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PARTITIONS & RIGIDITY OF ACTIONS

• Goswami 11’:
- “there has not been any example of faithful action of a genuine compact quantum
group on C(X) when X is connected.”
- “conjecture that the quantum permutations are the only possible actions of genuine
compact quantum groups on classical spaces”.

• Huang 13’:
- construct faithful non-ergodic S+

N ↷ compact connected X
- reformulated question: faithful ergodic genuine quantum group actions on compact
connected spaces?

• Goswami-Joardar GAFA 18’, Goswami Adv 20’:
no genuine quantum actions on compact connected smooth manifolds.

Theorem (Freslon-Taipe-W.)

S+
N (and many other “easy” quantum groups) cannot act ergodically on a compact connected X

unless X is a point.
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CATEGORICAL APPROACH VIA TANNAKA-KREIN DUALITY

In the sequel consider the case uij = u∗
ij.

• u⊗k := (ui1j1 · · · uikjk) ∈ M⊗k
N ⊗ A with intertwiners

MorG(k, l) := {T : (CN)⊗k → (CN)⊗l | Tu⊗k = u⊗lT}, k, l ∈ N

• A collection of vector spaces of operators

RG := ∪k,lMorG(k, l) ⊂ ∪k,lB((CN)⊗k, (CN)⊗l)

- contains idCN and 1 7→
∑

k ek ⊗ ek
- stable under ◦,⊗, ∗

• Tannaka-Krein reconstruction (Woronowicz 88’):

G ↔ RG one-to-one correspondence
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PARTITIONS & QUANTUM GROUPS

Tannaka-Krein reconstruction (Woronowicz 88’):
G ↔ RG := ∪k,lMorG(k, l) one-to-one correspondence

Category of partitions
A collection of partitions of two lines of points, such that:

- contains | and ⊓ - stable under ◦,⊗, ∗

◦ = =
,

⊗ =
,

∗
=

• Banica-Speicher:
any category of partitions → RG for some G

Such a G is called an “easy quantum group”.
category of all partitions → RSN , category of all noncrossing partitions → RS+

N
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ACTIONS OF COMPACT MATRIX QUANTUM GROUPS

B unital C*-algebra
An action of G on B is an ∗-homomorphism α : B → B ⊗ C(G) with
• (coaction property) (α⊗ id) ◦ α = (id ⊗∆) ◦ α
• (nondegeneracy condition) span{(1 ⊗ C(G))α(B)} = B ⊗ C(G)

α is called ergodic if the fixed point space

BG := {b ∈ B | α(b) = b ⊗ 1} = C1.

Particular example: B = C(G) and α = ∆ : uij 7→
∑

k uik ⊗ ukj

Dual viewpoint: consider an ergodic α for the sequel.
Recall u⊗k : (CN)⊗k → (CN)⊗k ⊗ C(G) & α : B → B ⊗ C(G)
⇒ G ↷ (CN)⊗k ⊗ B by

(u⊗k)(13)α(23) : (CN)⊗k ⊗ B → (CN)⊗k ⊗ B ⊗ C(G).

• The fixed point space Kk := ((CN)⊗k ⊗ B)G is a Hilbert space.
• Kk = (CN)⊗k if B = C(G) and α = ∆ (comultiplication); Kk ⊗ Kl ⊂ Kk+l.
• T ∈ MorG(k, l) ⇒ T ⊗ id ∈ B(Kk,Kl).
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TANNAKA-KREIN RECONSTRUCTION FOR ACTIONS

Recall Tannaka-Krein reconstruction for quantum groups

G ↔ RG := ∪k,lMorG(k, l)

⇒ recognize G (in particular the action ∆ : C(G) → C(G)⊗ C(G)) out of categorical data:
• u⊗k ⊗ u⊗l ∼= u⊗k+l → Hilbert spaces ((CN)⊗k)k∈N with unitary
(CN)⊗k ⊗ (CN)⊗l ∼= (CN)⊗k+l

• T ∈ MorG(k, l) → T ∈ B((CN)⊗k, (CN)⊗l), compatible with ⊗, ◦, ∗.

Theorem (Pinzari-Roberts 08’, Neshveyev 14’, Freslon-Taipe-W.)
Assume that we have
• Hilbert spaces (Kk)k∈N with isometric inclusions ι : Kk ⊗ Kl ⊂Kk+l

• T ∈ MorG(k, l) → φ(T) ∈ B(Kk,Kl), compatible with ⊗, ◦, ∗, ι.
Then we may construct α : B → B ⊗ C(G) (with Kk = ((CN)⊗k ⊗ B)G).
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PARTITIONS & RIGIDITY OF ACTIONS

Theorem (Freslon-Taipe-W.)

Free easy quantum groups (GN(C) for noncrossing C, e.g., O+
N,S+

N, . . .) cannot act ergodically on
a compact connected X unless X is a point.

idea of the proof via Tannaka-Krein duality:

• G ↷ C(X)⇄ Hilbert spaces {(Hv ⊗ C(X))G | v ∈ Rep(G)} with morphisms
• multiplication in C(X)⇄ decomposition into irreducible components

(Hu ⊗ C(X))G ⊗ (Hu′ ⊗ C(X))G ⊂ ⊕v(Hv ⊗ C(X))G

• commutativity of C(X)⇄ symmetries in the decomposition
⇒ existence of symmetric/antisymmetric vectors of Hv ⊂ Hu ⊗ Hu for u, v ∈ Irr(G)

• Freslon-Weber: Hv ⊂ Hu ⊗ Hu out of combinatorics of partitions
• For most v, Hv ⊂ Hu ⊗ Hu has no symmetric/antisymmetric vectors
• enforce a nontrivial finite-dimensional C*-subalgebra of C(X).
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• multiplication in C(X)⇄ decomposition into irreducible components

(Hu ⊗ C(X))G ⊗ (Hu′ ⊗ C(X))G ⊂ ⊕v(Hv ⊗ C(X))G

• commutativity of C(X)⇄ symmetries in the decomposition
⇒ existence of symmetric/antisymmetric vectors of Hv ⊂ Hu ⊗ Hu for u, v ∈ Irr(G)

• Freslon-Weber: Hv ⊂ Hu ⊗ Hu out of combinatorics of partitions
• For most v, Hv ⊂ Hu ⊗ Hu has no symmetric/antisymmetric vectors

• enforce a nontrivial finite-dimensional C*-subalgebra of C(X).
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Thank you very much!
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