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ABSTRACT. In this paper, we establish the curvature estimates for a
class of Hessian type equations. Some applications are also discussed.

1. INTRODUCTION

Suppose that M is a hypersurface in (n + 1)-dimensional Euclidean space
R Let x(X), H(X) and v(X) be the principal curvatures, mean curva-
ture and unit outer normal at X € M respectively. Define the (0, 2)-tensor
field n on M by

nij = Hgij — hij,
where g;; and h;; are the first and second fundamental forms of M respec-
tively. In fact, n is the first Newton transformation of h with respect to g.
Using A(n) to denote the eigenvalues of n (with respect to g), we see that

/\i:H—I{i:Zﬁj, fori:1,2-~,n.

J#
In this paper, we consider the k-Hessian equation of A(n), i.e.,
(1.1) or(An)) = f(X,v(X)), for X € M,

where oy, is the k-th elementary symmetric function
(N = D> NNy, fork=1,2-n.
1< <ig
To study equation (1.1), we introduce the following elliptic condition.
Definition 1.1. A C? reqular hypersurface M C R" ! is called (n, k)-conves
if X(n) € Ty for all X € M, where Ty, is the Garding cone
Fk:{)\GRn ‘ Uj()\) >0, j=12,--- ,k‘}.

Our main result is the following curvature estimate for equation (1.1).
Theorem 1.2. Let M be a closed star-shaped (n, k)-convex hypersurface
satisfying the curvature equation (1.1) for some positive function f € C*(T),
where T is an open neighborhood of the unit normal bundle of M in R™T1 x

S™. Then there ezists a constant C' depending only n, k, ||M||c1, inf f and
| fllc2 such that

) i < C.
2 xeal .., I €
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If we replace A(n) by x(X) in (1.1), equation (1.1) becomes the classical
prescribed curvature equation

(1.3) op(k(X)) = f(X, (X)), for X € M.

When k = 1,2 and n, (1.3) are prescribed mean curvature, scalar curva-
ture and Gauss curvature equation respectively. Establishing the global C?
estimate for (1.3) is a longstanding problem. When k = 1, it is quasi-linear
and the C? estimate follows from classical theory of quasi-linear PDEs. If
k = n, (1.3) is Monge-Ampere type and the C? estimates for general f(X,v)
are established by Caffarelli-Nirenberg-Spruck [2]. When k = 2, the C? es-
timate for (1.3) was obtained by Guan-Ren-Wang [14] and their proof was
simplified by Spruck-Xiao [26]. In [22, 23], Ren-Wang proved the C? esti-
mate when k =n —1 and n — 2.

When 2 < k < n, Caffarelli-Nirenberg-Spruck [4] proved the C? estimate
if f is independent of v. Guan-Guan [10] obtained the C? estimate if f
depends only on v. Ivochkina [17, 18] considered the corresponding Dirichlet
problem of (1.3) on Euclidean domain and established the C? estimate under
some extra assumptions on the dependence of f on v. For equations of the
prescribing curvature measure problem, when f(X,v) = (X, v) f(x ), the C?
estimate was proved by Guan-Lin-Ma [13] and Guan-Li-Li [12]. For general
f(X,v), Li-Ren-Wang [19] established such estimates for (k + 1)-convex
hypersurfaces (i.e., K(X) € T'y41 for all X € M).

When k =n =2, (1.1) is the same as (1.3), which is the prescribed Gauss
curvature equation. Thus (1.1) can be regarded as a generalization of the
classical prescribed curvature equation. When k& = n, (1.1) becomes the
following equation for (n,n)-convex hypersurface:

(1.4) det(n(X)) = f(X,v(X)), for X € M.

The (n,n)-convex hypersurface has been studied intensively by Sha [24, 25],
Wu [32] and Harvey-Lawson [15]. We note that (1, n)-convexity was called
(n — 1)-convexity in [24, 25, 15] (Here (n — 1)-convexity is different from the
above) or (n — 1)-positivity in [32]. On the other hand, the left hand side of
(1.4) is a combination of Weingarten curvatures, which is a natural curvature
function of (7, n)-convex hypersurfaces. So it is interesting to consider the
curvature equation (1.4) and its generalization (1.1).

In the complex setting, the corresponding Hessian type equation of (1.1)
has been studied extensively. In particular, when k& = n, it is called (n — 1)
Monge-Ampere equation, which is related to the Gauduchon conjecture (see
[8, 8IV.5]) in complex geometry. The Gauduchon conjecture was solved by
Székelyhidi-Tosatti-Weinkove [28]. For more references, we refer the reader
to [6, 7, 21, 27, 29, 30] and references therein.

Compared to the work of Guan-Ren-Wang [14], the curvature estimate
in Theorem 1.2 can be established without the assumption of “strong” con-
vexity of solution. Precisely, we prove the desired estimate for (7, k)-convex
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hypersurface. Clearly, the (n, k)-convexity is the natural elliptic condition
for equation (1.1).

To obtain the existence of (7, k)-convex hypersurface satisfying the pre-
scribed curvature equation (1.1), we need two additional conditions on f as
in [1, 31, 4]. The first condition is that there exist two positive constants
71 < 1 < r9 such that

k(o 12k

X] P
(1.5) ’X’ Ck(rl "
n J—
X, — | <——F——, for|X]|=ro,

7 () <=0 =

where CF = Wlk)' The second one is that for any fixed unit vector v,
0

1.6 7< kX, ) <0,
(16) 5 (1

where p = | X]|.

Theorem 1.3. Let f € C*((By, \ Br,) xS™) be a positive function sat-
isfying conditions (1.5) and (1.6). Then equation (1.1) has a unique C>*
star-shaped (n, k)-convex solution M in {r1 < |X| < ra} for any a € (0,1).

We now discuss the proof of Theorem 1.2. To prove the curvature esti-
mate, we apply the maximum principle to a quantity involving the logarithm
of the largest principal curvature. Since the right hand side f depends on v,
there are more troublesome terms when we differentiate the equation (1.1).
We overcome this difficulty by using some properties of the operator o. The
second difficulty is how to deal with bad third order terms. Our approach
is to establish the partial curvature estimate which is very useful to analyze
the concavity of the operator 0,1/ ¥ This gives us more good third order
terms, which is enough to control the bad third order terms.

Next, we give two applications of the above idea. The first application is
the C? estimate for the corresponding Hessian type equation in Euclidean
domains. Let © be a bounded domain in R™. For ¢ € C?(2), we define

nij = (Ap)di; — pij.
The function ¢ is called (7, k)-convex if the eigenvalues A(n) of n;; is in I'y,
for all x € 2. We consider the following equation

(17) Uk()‘(n)) = f(l‘, ¥, VQD), in (),

where f is a positive function defined on  x R x R™.

For equation (1.7), when f is independent of V¢, the C? estimate was
proved by Caffarelli-Nirenberg-Spruck [3], where they treated a general class
of fully nonlinear equations. When f depends on Vy, equation (1.7) falls
into the setup of [9] (see also [11]), and C? estimate was obtained under the
convexity assumption of f on V. In the following theorem, we remove this
assumption.
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Theorem 1.4. Let o € C*(Q) be a (n, k)-convex solution of (1.7). Then
there ezists a constant C' depending only on n, k, ||¢lct, inf f, ||fllc2 and
Q such that

sup | V2| < C(1+sup |V2<p|).

Q o9

In this paper, we omit the proof of Theorem 1.4 since it is almost identical
to that of Theorem 1.2.

The second application is an interior C? estimate for the following Dirich-
let problem

ox(A(n) = f(z,0,Ve) inQ,
(18) {90 =0 on 0f).

Theorem 1.5. For the Dirichlet problem (1.8), there exists a constant C
and B depending only on n, k, ||¢||c1, inf f, || fllcz and Q such that

Sup {(—SO)BASO} <C

For k-Hessian equation, when f is independent of V¢, the interior C?
estimate was established by Pogorelov [20] for £ = n and Chou-Wang [5]
for general k. When f depends on V¢, Li-Ren-Wang [19] proved such esti-
mate for (k + 1)-convex solution (if £ = 2, the 3-convexity condition can be
replaced by 2-convexity condition).

Acknowledgement. We thank Professor Ben Weinkove for introducing
the (n—1) Monge-Ampere equation and many helpful comments. The work
was carried out while the second author was visiting the Department of
Mathematics at Northwestern University. He wishes to thank the Depart-
ment and University for their hospitality. He also would like to thank China
Scholarship Council for their support. The second author is supported by
the National Natural Science Foundation of China (Grant Nos. 11601105,
11871243 and 11671111).

2. PRELIMINARIES

Let S™ be the unit sphere in R**!. A hypersurface M C R*! is called
star-shaped if it is a radial graph of S™ for some positive function p. Thus,
for z € S, X(z) = p(x)x is the position vector. We have the following
expressions of g;;, hij and v (see e.g. [13, p.1952])

b P29ij + 2pip; — ppij

(2.1) 9ij = P*Gij + pips,  hij =
Vp*+ Vol
and
-V
(2.2) pr— Ve

VPPV

where g and V denote the standard metric and the gradient on S™ respec-
tively.
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On the other hand, for Xy € M, let {e, €2, - ,e,} be alocal orthonormal
frame near Xg. The following formulas are well-known:

Guass formula :  X;; = —h;;v,
Weingarten equation : v; = hyje;,
Codazzi formula :  hjjp = hy;j,
Guass equation :  Rjji = highji — hihjg,
the derivatives here are covariant derivatives, and
(2.3) hijir = hitij + (hmghit — hmibig) bk &+ (R bt — Rt Pgj) o -

where R;;i; is the curvature tensor of M.

3. CURVATURE ESTIMATE

In this section, we give the proof of Theorem 1.2. When k& = 1, Theorem
1.2 follows from classical theory of quasi-linear PDEs. So we assume that
k > 2 in the following sections.

To prove Theorem 1.2, we define a function v = (X,v). By (2.2), it is
clear that

?

VP2 +|Vpl?
Then there exists a positive constant C' depending on inf s p and ||p[|c1 such
that

(3.1) u =

1 .
— <infu<u<supu < C.
C M M

Let kmax be the largest principal curvature. From n € I'y C I'y, we see
that the mean curvature is positive. It suffices to prove Kmax is uniformly
bounded from above. Without loss of generality, we may assume that the
set D = {Kmax > 0} is not empty. On D, we consider the following function

A
Q = log Kmax — log(u — a) + §|X]2,

where a = %inf mu > 0and A > 11is a constant to be determined later.
Note that @ is continuous on D, and goes to —oo on dD. Hence @) achieves a
maximum at a point Xo with £max(Xo) > 0. We choose a local orthonormal
frame {e,eq, -+, ey} near Xy such that

hij = 0ijhsi and hiy = hae = -+ = hypn at Xo.
Recalling that n;; = > ; hik, we have
M1 <122 S < one

Near X, we define a new function Q by

~

A
Q = log hi1 — log(u — a) + E\X\z.
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Since h11(Xo) = Kmax(Xo) and h11 < Kmax near X, Q achieves a maximum
at Xy. From now on, all the calculations will be carried out at X,. For
convenience, we introduce the following notations:

8£ Gij,kl _ 82G

QY = , ==
onij O0n;i Oy

and F% = ZGkk.
ki

Thus,

G" = %[Uk(ﬁ)]%_lffk—l(ﬁli)v

where o_1(n|i) denotes (k—1)-th elementary symmetric function with n;; =
0. It then follows that

G11>G22>.“>Gnn’ F11<F22<.“<an'
Applying the maximum principle, for any 1 < i < n, we have

A hi

(3.2) 0=0Q;

h11 u—a

and
i 5 i i A iy 12
We first need to estimate each term in (3.3).

Lemma 3.1. We have at X,

0> — — Glz,zlh2 L 113
hll ; 114 h%l
Fip2 Fitq,2 y
O T Chy+AY FR - CA
%

u—a  (u—a)

Proof. We first deal with the term 4 F%(|X|?);; in (3.3). Since ; = > i gy

we have
1
Y ni=(n—=1)>_ ha, hii:n_lznkk—mi-
i i k
It then follows that
) y 1
Wy kk _ i ..
ZF h” Z(ZG G ) (n_lznll 7711)
(34) 7 [ k . l
.. 1 . 1
= ZG“% = %[ak(n)]k 12%%71(77’1) = f*.
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Combining this with Gauss formula, we obtain

SEU(IXP) = AN F(L+ (X, X))

(3.5) :AZF”(I—hMX, v))
=AY FU— Aufk.

For the term —F%(log(u — a));; in (3.3), we compute

u—a (u—a)?

—F"(log(u — a))i; = —

Using Guass formula, Weingarten equation and Codazzi formula,
wi = hi(X,e),  wi =Y hiir(X, ex) — uh; + his.
k
It then follows that
— F(log(u — a));

1 i FUp%  Fih,  Fiy?
= — ZF”hn’MX, ex) + “ 8 — = i 5
(3.6) u—a“ u—a u—a (u—a)
1 y uFih2  f% Friig2
= - Fiihg (X i _ i
u—azk: uk< ,€k>+ U —a U —a (U—(l)27

where we used (3.4) in the last line. By the definitions of F* and 7;;, we
have

Flhge = (Y GY — G| hii
(3.7) g

(2

= (Z Gii) Hy =) G hige = G''njiip.
On the other hand, the curvature equation (1.1) can be written as
(3.8) G =1,
where f = f K. Differentiating (3.8), we obtain
G = (dx f)(ex) + har(dy f)(ex).
Then (3.7) gives
(3.9) Flhye = (dx f)(er) + hiw(du f)(ex)-
It then follows that

1 ” 1
> Flhi(X,er) > —
k

u—a

u—a

D ha(du ) (er) (X, ex) — C.
B
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Substituting this into (3.6), we have

—F"(log(u — a))ii > — ! a Z P (dy ) (ex) X, ex)
K

u—
91 1,2 i, ,2
uF"h; F*;

u—a  (u—a)?

(3.10)

-C.

For the term F%(log h11);; in (3.3), we compute
F”hllzz Fu h%lz
hi1 hi

(3.11) F”(log hll)ii =

By (2.3) and (3.4), we have
F'hi1ii = Fhinn + F*(hjy — hiihan)hig + F* (highan — b )b
= FPhy1y — FUh%hyy + FPhyhdy
= Fiihgy — Fih2hyy + fRh,.
Differentiating (3.8) twice and using the similar argument of (3.7), we obtain

Fi hull = G 7]%11 -G ok 7]131771911 + Z hkll d f)(ek) Ch%l -C.
k
Applying the concavity of G and Codazzi formula, we have
— Gk 77 A > —2 Z el 1177121 ) Z oL Zlhlzl - _9 Z oL Zlhllz
122 122 122

It then follows that
Flhypi > =2 GYhi, + Z hian(dy f)(ex) — FPh%hiy — Ch2, — C.

1>2
Substituting this into (3.11),
1 -
Fii(loghy1)iy > — — Z GUR2, + -~ — > hgaa(du f)(ex)
(3.12) FiihZ;Z F
5 114 FuhQ Chll
hiy
Combining (3.3), (3.5), (3.10) and (3.12), we obtain
2 FuhZ
i 0> - — Glz zlh ; 114
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By Codazzi formula, uy = hii (X, er) and (3.2), we have

S hunlden) - o Y hualdPen) (e, X)
k %

:Zc;;ll’c_ . )(df)(ek ——Ade ex) (X, ex) > —CA.
k

uU—a
Therefore,
0> _7ZGlzzlh%h_ 21lz
hi1 i>2 hiy
FuhQ Fit 2
— o _1;) — Chiy + A Z Fii - CA,
as required. O

Next, we deal with the bad term —Chyy.

Lemma 3.2. If hi; and A are suﬁicz'ently large, then we have
Fuh2
Chu\ ZF” at X()

Proof. The proof splits into two cases. The positive constant § will be
determined later.

Case 1. |hy| < dhq for all i >

In this case, we have
Imi| < (n—1)6hn
and
[1—(n—2)0]h11 <22 < -+ < N < [14 (0= 2)0] 11
It then follows that
or-1(n) = or1(n|1) + muow—2(n|1) = (1 — C&)ALT' — Conly !
Choosing § sufficiently small and using k& > 2,

REL h
(3.13) or-1(n) = 121 2%.

By the definition of G* and F*, we obtain

(3.14) Y F'=(n-1)) G"= - 1)(’;_ EED ) o ().

% %

Thanks to ox(n) = f, we have

—n—k+1) 1_ _
ZF“: n (7; )fk 10—]€*1(77)> Ok é(n)
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Combining this with (3.13), and choosing A sufficiently large, we obtain

A g
Chir < Copa(n) < 5 > FH

%

as required.
Case 2. hgy > dhq1 or hyy, < —0h11.

In this case, we have
o
aF"h;; S 1

52
20u—a) = 5(

PR+ PR, >

By the definitions of F* and G*,

1 y

(3.15) => Gi=G"> ZG“ = Pl
i#2 n(n—1) i

It then follows that

aFiih2 (52h
16 11 Fu
(3.16) 2(u—a) Z

Using (3.14) and Maclaurin’s inequality,

(3.17) Y Fi= (n= 1)(72_ D o) >

%

Combining this with (3.16), if h1; > 62’ we obtain

52h11 Z F”h2

2(u—a)’
as required. O

Combining Lemma 3.1 and 3.2, we obtain

> Z Glz Zlhllz F ;L%lz
3.18 = &
( ’ ) aFih2 Fiiy 2
i i
+2(u—a)+ (u—a)? ZF - oA

The following lemma can be regarded as the partial curvature estimate.
Lemma 3.3. If hi1 and A are sufficiently large, then we have
|hii] < CA at Xo, fori>=2.
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Proof. Using (3.2) and the Cauchy-Schwarz inequality,
hiy (u—a)

iy 1 iy
S Pl + (1 + ) A?FU (X, e;)2.
9

Substituting this into (3.18) and dropping the positive term —hln D iso G2,
we have

aF%h? eFiy?  CA? .
0> W i Fi _CA
2u—a) (u—a)? £ Z

%

>< - 2>F hii—?ZF — CA,

2u—a)  (u—a)

where we used u; = h;;(X,e;) in the second inequality. Choosing ¢ suffi-
ciently small and recalling (3.17), we obtain

FUhZ  CA?
(3.19) 027—?21? .

By (3.15), for i > 2, we have
- 1
nin —1) zk:

Then (3.19) gives

1 i CA? ii
O>C<§;F> > hix —EEZ:F.

k>2

which implies

2 2
> hi < CA?
k=2
as required. O

Now we are in a position to prove Theorem 1.2.
Proof of Theorem 1.2. By (3.2) and the Cauchy-Schwarz inequality, we have
hiy (u—a)
Recalling u; = h11(01, X) and choosing ¢ sufficiently small,
F1h? o Fy? eF?  CA R

1
SF i + (1 + 8) APFY (X, e))2

PR Ry TR
Flly?  CeFUp2,  CAZF
S (u—a)? (u—a)? £

_ PV R CAPPn
S (u—a)?  16(u—a) e
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C A?
€

for some C; > 0

Without loss of generality, we assume that h?; >
sufficiently large, which implies

CA2FU - aF”h?Z-
e 16(u—a)’
It then follows that

112 11,2 i 1,2

(320 B Sw-o?  Su-a)

Thanks to Lemma 3.3, we assume that |h;;| < dhqy for i > 2, where § is
a constant to be determined later. Thus,

Lg 146 ‘
hi1 = hi1 — hi

Combining this with _Qliil — GI=G" g, > 2, we obtain

Mii—"M11
F“h%l F'L'L _ Fll 9 Fllh%r
POl D s eI D
i>2 1 i>2 11 i>2 11
<Lt 6 > % — F11h2 > FUn2,
hi 5 hi = hi; 1 = h1,
(3.21) 1 ) 11192
:1+52G _G“h%u—FZF 2h‘11i
hi1 =5 i — M = hi,

1 +5 o F11h2 )
_ - Z Glmlh%li + Z = 113
s i>2 11

Using (3.2), the Cauchy-Schwarz inequality and u; = h;; (X, e;), we have

FUn3; Fllu?
<2) —— 1242 FU(X e)?
2 SR e T AL )

122

<C> FUhj+CA’F'.
i>2

Recalling that |h;;| < dhqy for @ > 2 and choosing § sufficiently small, we see

that

aFllh%l

Flp2 A2F1 < .
cy 240 8 )

122

It then follows that

Z Fllh%u < aFllh%y
h%l 8(u —a)

122
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Combining this with (3.21),

Z F”h%lz < 144 Z Glz Zlhllz aFllh%l

gy M M5 3(u—a)
< lZGlzzlh aFllh’%l'
hi = i 8(u—a)

Substituting (3.20) and (3.22) into (3.18) we obtain

anzh2
0 2 F%_CA
o) Z
(3.23) P2 1)
a - n — ..
— i A
4(u—a) * 2 Z ¢r-c

Y G

Combining this with [16, Lemma 2.2], we obtain

i o 1
:ZG 20

i

It then follows that

i#1
Substituting this into (3.23), we obtain
hll < C)
as required. O

4. PROOF OF THEOREM 1.3

In this section, we give the proof of Theorem 1.3. Since M is star-shaped,
we assume that M is the radial graph of positive function p on S"™. So
X(x) = p(x)x is the position vector of M. We first prove the gradient
estimate.

Lemma 4.1. Suppose that f satisfies (1.6) and p has positive lower and up-
per bounds. Then there exists a constant C' depending only on n, k, infy; p,
supy, p, inf f and || f||cr such that

(4.1) Vol <C
where V denotes the gradient on S™.

Proof. By (3.1), it suffices to obtain a positive lower bound of w. As in [13],
we consider the following quantity

—logu +~(|X]?),

where « is a single-variable function to be determined later. Suppose that
the maximum of w is achieved at Xy € M. If the vector Xy is not parallel
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to the outer normal vector of M at X, we can choose the local orthonormal
frame {eq, €2, -+, ey} near Xy such that

(4.2) (X,e1) #0 and (X,e;) =0 fori > 2.

Using Weingarten equation, we obtain

U; = Zhlj<X7 €j> = hi1<X, 61).
J

Therefore, at Xy, we have

i hii{X,e
(@3 O=wi= ="y o(X ey = M) iy oy

so that hi; = 29w and hy; = 0 for ¢ > 2. Furthermore, after rotating
{e2,e3,--- ,e,}, we assume that (h;;(Xo)) is diagonal. For convenience,

2
we use the same notations as in Section 3. By (4.3), we obtain Z—g =
4(v")%(X, e;)?. Using the maximum principle,

0 2 Fii’u}ii

” Wy U? 1" 212 ! 2
= = A ) 49 P ) 4 o FR (X )
_ F“u” 2 11 2 ! it 2

= = A P ) o FE(X )

To deal with terms —% and 7' F%(| X|?)s;, we apply the similar argument
of Lemma 3.1 and obtain

Flui = (X, e1)(dx f)(e1) + hu(X, en)(dy f)(e1) — uF R + f
and
FU(X[")=2Y F" = 2uf,
where f = f% Substituting these into (4.4) and using hy; = 2v'u,

0> - ((Xendxf)en) + F) - 27/ (X e)(df)en)

+ FZZhZZl +4(7/2 +7//)F11<X, €1>2 + QWIZF” . 2“’}/]‘7

7

(4.5)

By (4.2), at X, we have
X =(X,e1)e1 + (X, v)v,
which implies

(4.6) (dx f)(X) = (X,e1)(dx f)(er) + (X, v)(dx ) (v).
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From (1.6), (4.6) and X (z) = p(z)z, we see that
0> ;p (b 1(X.0)) = ;p (o 75 (X))
= k(e (£ + (dx (X))
= k(e (F + (X.en)(dx len) + (X ) (dx D))
It then follows that
- (K. @xfyen) + F) > (X.)(dx/)w) = u(dx H)
Substituting this into (4.5), we obtain
0> (dxf)(v) = 29/(X, e1)(d.f)(e1)

(4.7) n Fiihzzi +4(’}’/2 +7//)F11<X, €1>2 + QVIZFii _ QU’Y/J?-
%

It is clear that
| X|? = p? 21]1\14pr > 0.

Without loss of generality, we assume that
1,
(4.8) (X, e1)? > 3 IJ‘I?/L[pr.
Otherwise we obtain the positive lower bound of u at X directly:

1,
ut = (X, 0)? = [XJP = (X, e1)” > 5 inf .

Now we choose () = ¢, where « is a constant to be determined later.

Recalling that hy; = 29'u at Xg, we have hi1(Xg) < 0. Using H > 0, there
exists 2 < k < n such that hg,(Xo) > 0. Combining this with the definitions
of Nkk and Gkk,
Nkk < M1 and GFF > g,
It then follows that
1 y 1 y

4. Fll — ¥ > = i _ Fé.
(4.9) ZG 2ZG 2(n—1)Z

J#1 % A
Combining (4.7), (4.8) and (4.9),

o? ii

where C' is a constant depending only on n, k, infys p, sup,; p and ||f|](;1
Using (3.17) and choosing « sufficiently large, we obtain a contradiction.
This shows that X is parallel to v at Xy. Hence, at Xy, we obtain

uz(X,V)szi]I\l/[fp,

as required. O
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Now we use the continuity method as in [4] to prove Theorem 1.3.

Proof of Theorem 1.3. For t € [0,1], we consider the following family of
functions
1 1
t _ k 2
ffX,v)=tf(X,v)+ (1 —-1t)C;;(n—1) LX\’“ +e <|X|k — 1>] ,
where the constant ¢ is small sufficiently such that
. 1 1
min [k+z—:</)k—1ﬂ =co>0

riSpsT2 [ P
for some positive constant cg. It is easy to see that f!(X,v) satisfies (1.5)

and (1.6) with strict inequalities for 0 < ¢ < 1.
Let M; be the solution of the equation

k(M) = f'(Xe, ),

where X; and 14 are position vector and unit outer normal of M; respectively.
Clearly, when ¢t = 0, we have My = S" and Xy = z. For t € (0,1), suppose
that xo is the maximum point of the function p; = |X;|. Thus at xg, by
(2.1), we have

9ij = Pidijs  hig = —(p)ij + piij-
It then follows that
nij = Hgij — hij = (n = 1)peGij,

which implies

n— k(n — 1)k
(A1) 2%( ptl(l’m 71)> :Cn(pfl).

On the other hand, at xg, the unit outer normal v; is parallel to X4, i.e.,
vy = % If pt(xg) = r2, then we obtain

Cﬁ(n — 1)k C’,’j(n — 1k

X,
- > f <Xt, |Xz|> = f(X¢, ) = ok(A(n)) = T,

which is a contradiction. This shows sup,, pr < r2. Similarly, we get
infar, p¢ 2 r1. Using Lemma 4.1 and Theorem 1.2, we obtain the C! and
C? estimates. Higher order estimates follows from the Evans-Krylov theory.
Applying the similar argument of [4], we get the existence and uniqueness
of solution to the equation (1.1). O

5. PROOF OoF THEOREM 1.5

Theorem 1.5 can be proved by the similar argument of Theorem 1.2. For
the reader’s convenience, we give a sketch here.

Let V2p = {¢;;} denote the Hessian of (. For convenience we shall use
similar notations of Section 3:

mij = (D)8 — i, Gn) = 0" (Am),  F(V2p) = G((V3p)), etc.
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Proof of Theorem 1.5. By the maximum principle, we assume without loss
of generality that ¢ < 0 in Q. For x € ) and unit vector &, we consider the
function

a A
Q(z,£) = log pee + §|V<P|2 + 5|96!2 + Blog(—),

where a, A and 3 are constants to be determined later. Suppose that @
achieves its maximum at (xg,&p). Near zy, we choose coordinate system
such that

& =(1,0,---,0), @ij =0ijQii, Q11 = P22 =+ = @np at To.

Thus the new function defined by

. a A
Qz) =log g + 5 |Vel* + 5 |al” + Blog(—¢)
has a maximum at xy. Thus,

(5.1) 0 =22 4 4o + Az + ﬁ%-
P11 ®
Using the similar notations in Section 3, at z(, we compute (cf. Lemma 3.1

and 3.2)

0> — 2 Z Gl 2 F“f%h i aFZ@?i
P11 < @11
(5'2) A - 5FM 2 CB
+ 5D F-CA- Q‘Pw?.
i

Combining (5.1) and (5.2), and choosing the constant a sufficiently small,
we obtain (cf. Lemma 3.3)

C
lpii] < —% for i > 2,

where C,_ 4 is a uniform constant depending on a, A and 3. Without loss of
generality, we assume that

(53) |g0”| < (5@11 fOT ) 2 2,

where 9§ is a constant to be determined later.
On the other hand, by (5.1) and the Cauchy-Schwarz inequality, we have

Fl1,2 2 11
_ ‘5111 > _Ca2F11(P%1 _CA2FY _ cp =
Y11

and

ﬁF”goz 3 FiiSOZ ) Cla? B C A2 B
Y A T O g - S S
11

122 ¥ 122 ® 122 122



18

J. CHU AND H. JIAO

Substituting these into (5.2),

0> ——) GHily? . — <1 + > —
P11 ; ' s 1222 oh

a Ca? . A CA2 )

Z_ X7 ) pu 2 o e Fé
i (2 B ) it <2 B > 2

CB2F11
. CGQFll(p%l . CA2F11 -
Fll 2 C
PE 91  CB

—CA—
@2 ©

Choosing f sufficiently large and sufficiently small a if needed, we see that

02—7§:G1Z’“ 2_(1_1_)2:112
P11 P B

2
i>2 2 11
aF%p2
17

4

2
052 >F11+05—CA.
¥

- <0A2 +

Using (5.3) and choosing ¢ sufficiently small, we obtain (cf. the first inequal-
ity of (3.22))

3 Fly; 2 14,i1 2 a g »  CB*F"
1+> 7 g_i GZ,Z SO +*F”90+ X
(1+3 S < G A g

It then follows that

(5.4) 0>

11,.2 11
> F (P“—CF; e
C © 77

By (5.3) and [16, Lemma 2.2],

Flg2 s g2 5 P o

C ek
Combining this with (5.4), we obtain (—¢)’p11 < C, as required. O
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