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ABSTRACT. In this paper, we study the energy equality for weak solutions to the 3D ho-
mogeneous incompressible magnetohydrodynamic equations with viscosity and magnetic
diffusion in a bounded domain. Two types of regularity conditions are imposed on weak so-
lutions to ensure the energy equality. For the first type, some global integrability condition
for the velocity u is required, while for the magnetic field b and the magnetic pressure
m, some suitable integrability conditions near the boundary are sufficient. In contrast
with the first type, the second type claims that if some additional interior integrability is
imposed on b, then the regularity on u can be relaxed.

1. INTRODUCTION

Magnetohydrodynamics (MHD) describes the evolution of an electrically conducting
fluid, such as plasma and liquid metal, which has attracted a lot of attention from re-
searchers in mathematical physics in the past decades. In this paper, we consider the fol-
lowing three-dimensional homogeneous incompressible MHD equations with viscosity and
magnetic diffusion

Jdu+diviu®@u) —div(b®b) + Vi — pAu =0,
(1.1) Ob +div(b ® u) —div(u®b) —vAb =0,
divu = divb = 0,

where u € R3 is the velocity field, b € R? is the magnetic field, the positive constants x4 and
v are the viscosity coefficient and magnetic diffusivity respectively, and 7 is the magnetic
pressure given by

1
=P+ =|b]?
m +2|!,

with P being the pressure of the fluid.
We are concerned with the above system in an open bounded domain €2 C R? and consider
the boundary conditions

(1.2) u=b=0 on [0,7] x 0%,
and the initial conditions

(1.3) (u,b)(0,2) = (up, bp)(x), =z €.
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Formally, one can easily check by integration by parts that for any ¢ € [0, T'], the following
energy equality holds for smooth solutions to (1.1):

1 ¢ 1
(1.4) / (|u|2 + |b]2) (t)dx + / / (;L|Vu|2 + V]Vb|2) drds = / (]u0|2 + |b0|2) dzx.
2 Ja 0 Jo 2 Jo

However, for weak solutions with less regularity, (1.4) may fail. It is natural to ask the
following question: under what regularity conditions on the solutions as weak as possible,
does the energy equality (1.4) still hold true?

In (1.1), if b = 0 and p = 0, then the system reduces to the homogeneous incompressible
Euler equations. Regarding this case, Onsager [25] conjectured that for any weak solution
belonging to the Holder space C%, the energy is conserved provided that the Hélder exponent
a > %; and if a < %, then there exists a weak solution which dissipates energy. This is the
famous “Onsager’s conjecture”. The conservation part was partly obtained by Eyink [12] in
1994, it is proved that for any weak solution in a subspace C¢ C C%, with o > %, the energy
is conserved. Then, Constantin, E and Titi [8] proved and improved the conservation part
of “Onsager’s conjecture”, to be specific, they proved that the energy conservation holds
true provided that the weak solution belongs to the Besov space Bf ,, with C* C Bf
and o > % After that, Duchon and Robert [10] and Cheskidov, Constantin, Friedlander
and Shvydkoy [7] improved the previous results and proved the energy conservation for the
whole space or a periodic domain. Breakthroughs for domains with physical boundaries were
achieved very recently by Bardos and Titi [2], Bardos, Titi and Wiedemann [3], Drivas and
Nguyen [9] and Nguyen and Nguyen [22]. For the inhomogeneous incompressible case or the
compressible case in a periodic domain, the energy conservation was proved by Akramov,
Debiec, Skipper and Wiedemann [1], Chen and Yu [6] and Feireisl, Gwiazda, Swierczewska-
Gwiazda and Wiedemann [14]. Recently, Nguyen, Nguyen and Tang [23] improved the
results in [1, 6, 14] and they also obtained similar results for a general bounded domain.

In (1.1), if b =0 and p > 0, then the system reduces to the homogeneous incompressible
Navier-Stokes equations, for this case, Serrin [27] first proved the energy equality for weak
solutions under the condition u € LP(0,T;L4(T?)) with % + % < 1. In [28], Shinbrot
improved Serrin’s result by proposing a regularity condition independent of the dimension
d, that is, u € LP(0,T; L9(T%)) with % + % < 1 and ¢ > 4. See also [32] for an alternative
proof given by Yu by a different method. Recently, Yu [34] extended Shinbrot’s result to a
general bounded domain, with an additional Besov regularity imposed on the velocity, which
is essential to handle the boundary effect. There are also some results for the inhomogeneous
incompressible case and the compressible case for different types of domains. See [5, 20, 24,
33] and the references therein.

For the MHD equations, which possess more complicated nonlinear terms, there are few
results concerning the energy conservation or energy equality in the literature. For the ideal
MHD equations, Caflisch, Klapper and Steele [4], Kang and Lee [17] and Yu [35] proved
the energy conservation in the whole space or a periodic domain. Then, Wang and Zuo [31]
dealt with the bounded domain case, with suitable Besov-type continuity imposed near the
boundary in order to cope with the boundary effect. For the viscous and diffusive MHD
equations, to our knowledge, the only revelent paper is [30] by Wang, Zhao, Chen and
Zhang, where energy equality is proved for a periodic domain.
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In this paper, we mainly consider the energy equality (1.4) of weak solutions to the ho-
mogeneous incompressible viscous and diffusive MHD equations (1.1) in a general bounded
domain. To the best of our knowledge, this paper seems to be the first one dealing with the
relation between the energy equality (1.4) and the regularity of the solutions to (1.1) when
there is a boundary. Finally, we apply our method to the inhomogeneous incompressible
and isentropic compressible cases.

Compared with the Euler or the Navier-Stokes equations, the MHD equations have
stronger nonlinearity due to the couplings of the fluid velocity u and the magnetic field
b. In the light of this difficulty, two types of sufficient conditions are imposed on weak
solutions to ensure the energy equality. Our first result requires some global integrability
condition for the velocity u and suitable integrability conditions on the magnetic field b and
magnetic pressure 7 near the boundary to tackle the boundary effect, which in some sense
means that u plays a dominant role in the energy equality. The other result claims that
if additional interior integrability is imposed on the magnetic filed b, then the regularities
on the velocity filed u could be relaxed, which implies it is possible to “trade” regularity
between u and b.

Another difficulty is how to handle the boundary effect. Unlike the whole space or the
periodic domain case, we additionally need to consider the boundary effect. In [31], Wang
and Zuo studied the energy conservation for the ideal MHD equations in a bounded domain,
where the Besov type continuity near the boundary for u and b is needed. However, for the
viscous and diffusive MHD equations considered in this paper, such a requirement is not
necessary. In fact, since u, b € L2(0,T; H}(9)), by the classical form of Hardy inequality
(see Lemma 2.2 in Section 2), we are able to get a satisfactory estimate for u and b near
the boundary, which is impossible for the ideal MHD equations.

Note that we consider the inhomogeneous incompressible and isentropic compressible
cases in Sections 4 and 5, the proofs of which are similar. Compared with the homogeneous
case, there is an additional nonlinear term J;(pu) in the inhomogeneous MHD equations.
To tackle this term, stronger regularity on u is required (see Theorem 4.1 in Section 4). For
the isentropic compressible case, the pressure p is a function of the density p, thus to deal
with the pressure, better regularity for the density is required (see Theorem 5.1 in Section
5).

1.1. Main results.
The weak solutions to the initial-boundary value problem (1.1)-(1.3) that we are inter-
ested in is as follows.

Definition 1.1. We call (u,b, ) a weak solution to the initial-boundary value problem

(1.1) if
(i) u and b satisfy

(1.5) u, b e L°°(0,T; L*(Q)) N L*(0,T; H}(Q));
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(ii) the equation (1.1) holds in D'((0,T) x Q), that is, for any ® € C°([0,T] x ), we have

/ /8t ud:L‘le—/ /V@ (u®u—b®Db)dxdt
/ /dw@mlxdt— / /V@:Vudxdt—o,
Q
(1.7)

T T T
/ /8t<1>'bdxdt+/ /V@:(b@u—u@b)dwdt—u/ /V@:Vbda:dtzo,
0 JQ 0 JQ 0 JQ

and for any s € C°(R2), it holds that for any t € [0,T]

(1.8) / u- Vedr = / b - Vcdx = 0;
Q Q

(1.6)

(7ii) the following energy inequality holds for any t € [0, T

1 t 1
(1.9) / (Juf* + bJ?) (t)dx—i—/ / (u|Vual® + v|VDb|?) dads < / (Jao|? + |bo|?) dz
2 Ja 0 Ja 2 Ja

Two types of sufficient regularity conditions are imposed on the weak solutions of (1.1)
to ensure the energy equality (1.4). To be specific, the first result is as follows.

Theorem 1.1. Let (u,b, ) be a weak solution to the initial-boundary value problem (1.1)-
(1.3) in the sense of Definition 1.1. Assume that

(1.10) ug, by € L*(Q),
and
(1.11) u e LP(0,T; LI())

with % + % <1 and q > 4. Also assume that there exists a 6 > 0 such that
(1.12) b e LY((0,T) x Qs), m€ L*((0,T) x Qs),

where Qs = {x € Q|dist(x,00) < d}.
Then the energy equality (1.4) holds for all t € [0,T].

Remark 1.1. Zhou [36] proved a regularity result for the viscous and diffusive MHD equa-
tions in the whole space. More precisely, Zhou proved that if the initial data ug, by € H*(R3),
with s > 3, then under the condition (1.11), with % + g <1 and q > 3, the solution is in
fact smooth, from which the energy equality (1.4) can be easily obtained. However, under
the conditions of Theorem 1.1, the smoothness of solutions can not be guaranteed. On the
one hand, the initial data ug,bg are only in L?. On the other hand, we are concerned with
domains with boundary.

Our second theorem requires additional regularity on the magnetic field b in the interior
domain, which allows to relax the regularity imposed on the velocity.
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Theorem 1.2. Let (u,b, ) be a weak solution to the initial-boundary value problem (1.1)-
(1.3) in the sense of Definition 1.1. Assume that

(1.13) ug, by € L*(Q),
(1.14) u, be LY(0,T) x Q),
and

(1.15) 7€ L*((0,T) x Q).

Then the energy equality (1.4) holds for all t € [0,T].

Our paper is organized as follows. In Section 2, we fix some notation and terminologies
and recall several important lemmas to be used in the sequel. Section 3 will be devoted
to the proofs of Theorem 1.1 and Theorem 1.2. In Section 4 and Section 5, we will apply
our method to the inhomogeneous incompressible case and the isentropic compressible case
respectively.

2. PRELIMINARIES

To begin with, we introduce some notation and terminologies.
Denote

0. = {x € Q| dist(z,00) <}, QF =0\,

where Q. is the closure of €. in the usual Euclidean topology.

h

Let [, h be two positive parameters with 0 < | < g,

smooth function with compact support satisfying

() = {0, z € (—oo,h —1],

and define n,; : R — R to be a

1, zé€[h,+o0).
Define the cut-off function 6;,; : 2 — R as follows
(2.16) On1 () := np(dist(z,0Q)).
It is easy to check that supp0; C Q" and supp VOh1 C Q.

Then we define the mollification of a function f € L!(2) as follows:
T —

(217) f@) =5 [ o,

where ¢ is the standard mollifier in three dimensions.

The following commutator estimates will be essential in our proofs.

Lemma 2.1. (Lemma 2.3 in [21]) Suppose f; € LP*(0,T; Wol’pl(Q)), foe LP2((0,T) x Q),

with 1 < p,p1,p2 < 00, and % = p% + p%. Then

(2.18) 102 (f1£2)" = Ba(frI5) | o0, x0) < CllOfill Lo (0/my <) | F2ll L2 (0,7 x2)
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for some constant C independent of 1, fi and fo, where f! is defined as in (2.17). In
addition, if p < oo, then

(2.19) 0z (f1f2)! = 0x(f1f3) = 0 in LP((0,T) x ), as | — 0T

Finally we introduce the following Hardy inequality that will be frequently used in the
subsequent sections.

Lemma 2.2. ([18]) Let p € [1,00) and f € Wol’p(Q). Then there exists a constant C
depending on p and 2, such that

f

(2:20) ’ dist(-,00)

<C ) .
L) = HfHWolP(Q)

3. PROOF OF OUR MAIN RESULTS
3.1. Proof of Theorem 1.1.

Proof. Since (u,b,7) is a weak solution to (1.1) in the sense of Definition 1.1, we see
that for any test function ® € C°([0,7] x ), the maps t — [, u(t,z) - ®(t, z)dx and
t = [ob(t,x)- (¢, x)dx are Lipschitz continuous. As mentioned in [17] (or [31, 35]), by the

standard density argument, we can choose the test functions in (1.6) and (1.7) to be smooth
and compactly supported in space and weakly Lipschitz continuous in time. Therefore, we

can take ® = (Q/JTHhJul)l in (1.6) and ® = (wTGh’lbl)l in (1.7), where 7 is a fixed small
positive constant and . (t) € CI((1,T — 7)).
Taking ® = (wTﬁh,lul)l in (1.6), we deduce that

T
(3.21) / / o, (¢Teh7lu’) culdzdt = I, + Iy + I + I,
0 Q

where

T
L 2—/ /¢79h71ul-div(u®u)ldxdt,
0o Ja
T
I := —/ / 1/J7—9h7lul -div (b ® b)lda:dt,
0o Ja
T
I3 = / / POy a - Vrldadt,
0o Ja
T
I4 = —,u/ / Q[JTQh,lul . Auldxdt.
0o Ja

Similarly, taking ® = (1/179h,lbl)l in (1.7), we deduce that

T
(3.22) / / ) (wTQthl) -bldedt = Jy + Jo + Js,
0 Q
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where

T
Jp = / / TﬂTQh,lbl -div(b® u)l dxdt,
0 Q
T
Jy = —/ / T/JTQh,lbl ~div(u® b)l dxdt,
0 Q

T
Jy = —v / / Y. 0,b' - Abldadt.
0 Q

Our next step is to pass the limit [ — 0T first and subsequently, h — 07 in (3.21) and
(3.22) for fixed 7 > 0. To this end, we need a sequence of lemmas. For convenience, in the
rest of this paper we shall use C to denote a generic positive constant independent of I, h
and 7, whose value may change from line to line.

Lemma 3.1. For fized T > 0, for the terms on left-hand side of (3.21) and (3.22), we have

T 1 T

(3.23) hli)ron+ ZEI(I)E/O /Q&g (¢79h,zul) ~uldzdt = 2/0 /qu’7|u|2da:dt,
T 1 T

(3.24) hlirél+ lli%i/o /Qat (¢79h7lbl> -bldzdt = 2/0 /Qq//T|b|2dxdt.

Proof. For the term on the left-hand side of (3.21), we have

/OT /Q Oy <w70h7lul> uldzdt

T 1 T
(3.25) = / / YLOp ! P dxdt + = / / V0,100 [0 |Pdadt
0o Ja 2Jo Jo

1 T
= / / W0 |t [P dadt.
2Jo Ja

Thus to prove (3.23), it is sufficient to prove

T T
1
lim lim "0 |0 |Pdedt = / / " u|?dadt.
h—>1 0+l—>10+/o /§sz hife] 2 Jo Q¢T| |

T T
/ /¢;9h7l|ul|2dfvdt—/ /¢;|u\2dzdt’
0 Q 0 Q
T
/ /¢; (Bna 10 — uP) d:ndt'
0 Q
T T
g/ /¢;0h7l‘|ul]2—]u\2’dxdt+/ / 101 — 1[udadt
0o Jo o Ja,

T T
< c/ / ‘|ul]2 - yuﬂdmmc/ / u|?dzdt,
o Ja 0o Ja,

where for fixed h, the first term on the last inequality convergence to 0, as [ — 0, and then,
letting h — 0, the second term vanishes.

The term on the left-hand side of (3.22) can be dealt with similarly, therefore we omit
the details here. O

In fact,
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Below we pass the limit / — 0% and h — 0% successively to the terms I; (i = 1,2,3,4)
and J; (j =1,2,3).

Lemma 3.2. For fized 7 > 0, for the term I, we have

T
(3.26) lim lim I; = lim lim / / wTGhJul ~div(u® u)ldxdt =0,
0 Q

h—0t [—=0t+ h—0t [—0t

. 1,11
provided q > 4 and 5+3 <3.

Proof. We first decompose the term I; into two parts

(3.27)

T
I =/ / wTHh,lul ~div(u® u)l dxdt
o Ja

T T

- / / qpfeh,lul.(div (u®u) — div (ul®u)) dzdt + / / O - div (u' ® ) dodt
0 Q 0 Q

=I11 + Iqs.

For I, by the divergence-free property of u, we obtain

T
I = / / et - div (u! @ u) dadt
0 Q
T 1 T
= / / POt Pdivadedt + = / / V0 u - V! [Pdadt
0o Ja 2J)o Ja
1 [T 1 [T
== / / V0, [0 Pdivadedt — = / / V0, - ulu' [Pddt
(3.28) 2Jo Ja 2J)o Ja

1 (T
=— / / V- V0 - uu! dzdt
2 Jo Ja,

SCH\Veh,lHu’”B((o,T)th) HUH%4((0,T)th)

o

Taking into account (1.5) and (1.11) and using the interpolation inequality, we have

u

2
m HUHL4((0,T)th)-

L2((0,T)xQp)

q—4 q
3.29 u||r4 o < lul[2e 2 ul|*%.? <C,
(3.29) Il < IS a0l
provided 0 < ﬁ < 1 and (12_—‘72 < p, or equivalently, ¢ > 4 and % +é < % Thus, we
obtain
(3.30) lim lim I3 =0,
h—0t =0+
provided ¢ > 4 and % + % < %
For the term I11, we claim that
(331) lim IH = 0,

1—0+
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provided ¢ > 4 and % + % < % In fact, by Holder’s inequality and (2.18), we have

I = /OT /Q wTﬁh,lul . (div (u® u)l —div <ul ® u)) dxdt

T—1
3.32 i i
(3.32) gcl uwm@me®wﬁdw@%mMm%@ﬁ

<C . \V4 :
< Cllallzrorzaap IVl o e lul 2, o

Again by (1.5), (1.11) and the interpolation inequality, we have

4 _2
3.33 u 2 < [Jua|¢ ul[?? <C,
(3.33) e L7 (01517 (@) | HL (OT5L2( ))H HL(P DICE (0,T;L4(2))
provided 0 <=2 = 1 and W < p, which is equivalent to ¢ > 4 and * 5+ 5 < % This
combined Wlth Lernma 2.1 and (3.32) gives (3.31).
Thus, substituting (3.30) and (3.31) into (3.27), we get the desired result. O

Lemma 3.3. For fized T > 0, for the term Ji, we have

T
(3.34) lim lim J; = lim lim / / 1/179h7lbl -div (b ® u)l dxdt =0,
Q

h—0* =0+ h—0t =0t Jo
provided % + % <1.

Proof. We first decompose the term J; into three parts
(3.35)

T
J1 :/ / 1/)7—9}1711)[ ~div(b® u)l dxdt
0 JQ
T
:/ / U, 0y, b - (div (b® u)l —div(b® ul)) dzdt
0 JQ

T T
+/ / Y-0p,b" - (div (b @ u') — div (b’ @ u)) dzdt +/ / ¥r0,,b' - div (b' ® u) dadt
0 Q 0 Q
=Ju + Ji2 + Jis.

For the term Ji3, by the divergence-free property of u, we have

T
J13 :/ / ¢79h7lbl - div (bl ® u) dxdt

/ / U0, b Pdivudzdt 4+ = / / V-0 u - V|b!*dzdt

/ / Y0 |b! [P divudedt — = / / Y- (- V) bl 2dzdt

(3.36)
=— / Y (- V)b 2dxdt
0 Qp

2

<OV Onlll 20,1y x2) 1P I F 0.1y )
u
0117407y x20)

<C\|l5——F5
' dist(x,00) L2((0,T)x82,)

-0, ash—0".
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For the term J;1, we claim that

(337) lim J11 = 0

I—0t

provided % + % < 1. Indeed, similarly as the term I1, by Hélder’s inequality and Lemma
2.1, we have

Ji = /0 ' /Q o (div (b®u) — div (b ® ul)> dzdt

T—T1
(3.38) gc/ bl 2 div(bew) —div (bou') -
L7-2(Q) Lats (Q
< . .
CHbHLﬁ(OT . 2(Q))HVbHLZ((O,T)xQ)HuHLP(O,T,Lq(Q))
By virtue of (1.5) and the interpolation inequality, we have
_3

(339) b P | AN N <c

L722 (0,151 72 () LoD (0,7;L5(2))

provided 0 < 3 < 1 an ( 5y < equivalent to = + < 1. Thus, thanks to

Lemma 2.1, (3. 38) and (3.39), we can obtam (3.37).
For the term Jiz, by (3.39) and the divergence-free property of u and u', we have

Jio = /0 ' /Q R <div (b ® ul> — div (bl ® u)) dadt

T
= / / Yr0p b - (bdivul + (u'- V)b — bldivu — (u- V)bl) dzdt

Q

(3.40) / /zwhlb (u! —u) - V)b+(u-V)(b—bl)} dxdt

<CHbHLﬁ(0TLﬁ(Q) ' = all 1o 07190 I VBl 2((0.1) %)

+ /bl HuHLP(OTLq o IV(b = bl 2 (0,1)x0)

L‘?(OT ﬁ
—0, asl =07,
provided % + % <1.
Substituting (3.36), (3.37) and (3.40) into (3.35), we obtain (3.34). O
Lemma 3.4. For fized T > 0, for the terms Is and J2, we have

lim lim (IQ + JQ)
h—0t [—0t

T
=— lim lim Y0 ut - div (b @ b)! dzdt
(341) h—0t =0t 0 0 ’

T
— lim lim / / Py 00! - div (u® b) dedt
Q

h—0t =01 Jo

=0,

provided ¢ > 4 and % +% <1.
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Proof. We first decompose the terms I» and Jy into two parts respectively
(3.42

)
T
IQ:_/ / -0’ - div (b @ b)’ dadt
0 Q
T

T
— / U0y, u - (div (b@b)' —div (b' @ b)) dadt— / Y00 - div (b’ ® b) dzdt
0 Q 0 Q
=121 + 22,

and
(3.43)

T
Ja :*/ / 1/179h71bl ~div(u® b)l dxdt
o Ja

T T
:—/ / wTé’thl . <div (u® b)l — div (ul ® b)) dxdt—/ / 1/179h)lbl -div (ul ® b) dxdt
0 Ja 0 Ja
:=Ja1 + Joo.

Owing to (3.29) and the divergence-free property of b, for the second terms in (3.42) and
(3.43), we have

Izo + Jao
T T
= - / / Y00 - div (b' @ b) dzdt — / / ¥-0p,,b' - div (0’ @ b) dzdt
0 Q 0 Q
T T
= —2/ /z/JTah,lul-bldivbdxdt—/ /wTHh’lb-V(ul -blYdxdt
0 Q 0 Q

T T
_ / / Yrb - Vo ! - bldedt + / / 2 01(divb)u’ - bldzdt
(3.44) 0o Ja 0 JO

T
_ / ¥rb - Vo, u' - bldzdt
0 Qpn
< OY|BlIVOR [ L2 0,7y x oy 1l La o,y x ) 1PN L4 0,7y x 20
b
<Cl|l-———
- ’ dist(z,08)

— 0, ash— 0T,

all 20,7y x ) Pl 4 0,7y x 20
L2((0,7)x )

provided ¢ > 4 and % + % < %
For I>1, we have

It = — /0 ' /Q Oy ul - (div (b b) — div (bl ® b)) ddt

T—1
(3.45) SC/ ]l Loy | div(b @ b)! — div(b @ b) dt

[

<C|lullzr(o,r;0(02)) HVbHLQ((O,T)xQ)HbHL%(O 1 ()

which combined with Lemma 2.1 and (3.39), yields
(346) lim 121 == 0,

1—0+

. 2,3
provided 55 < 1.
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Similarly, for Ja1, we have
T
Jo1 = — / / Y0y, - (div (uob) —div (u'® b)) dzdt
0o Ja

T—1
: l : l
(3.47) gcli bl 21, Idiv(u 0 b) — div(al @ b)| 2, i

L2 ()

<Cllullzro,r;La0) VPl 20,1y < 1Pl | 22, 0.0 @)

-0, asl— 0",

provided % + % <1.
Substituting (3.44), (3.46) and (3.47) into (3.42) and (3.43), we obtain our desired result.

O
Lemma 3.5. For fized 7 > 0, the pressure term satisfies
T
(3.48) hmhmh:hmhm/l/m%wVWMMhﬂ
h—0t =0+ h—0t =0t Jo Jq
Proof. Integrating by parts gives
T
h:/{/%%NWWMMt
0 Q
T T
:—/'/%V%WMHMﬁ—/)/¢mM@wHMﬁ
0o Jo 0o Jo
T )
(3.49) = — / wq—vth -u'mdxdt
o Ja,
<C VO alll 20,1 xom) 17l 20,7 x2m)
| I
<Cll===3c" T L2((0,T)x 0
dist(z, 00 || 20,1y %) ((0.7)x42)
—0,ash— 0",
where we used the divergence-free property of u' in the third equality. O

Lemma 3.6. For fized 7 > 0, the viscous term satisfies

T T
(3.50)  lim lim Iy =— lim lim ,u/ /@/}THMUZ - Auldzdt = ,u,/ /wT|Vu]2dwdt.
0 Q 0 Q

h—0t =0t h—0t [—0t

Proof. First, we decompose the viscous term into two parts

T
I4 = — ,u/ / ¢7—9h7lul . Auld:vdt
0 Q

(3.51) T - T D
:M/ / Y7 0p,| VU |“ddt + ,u/ (VO - V)u' - u'dedt
0o Jo 0o Ja,

=141 + Iyo.
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For 145, we have

T
Ly =pu / Ve (VO - VU - uldedt
0 Qp

l
(3.52) <C[VOnl[alll 20,1y <) [Vl L2 01y x20)
VUl 20,7y x )

l
SC' -

L2((0,T)xQyp)

—0, ash—0".

dist(x,00)

For 141, we have

(3.53) lim lim Iy = hm lim u/ /w70h1|Vul\2dxdt / /wT\Vu] dxdt.

h—0t [—0t+ + -0t

T T
/wTHhJNule:ndt—/ /¢T|Vu|2dxdt’
0 Q 0 Q
T
_ ‘/ /wT (9h7l\Vul|2 - yvu\2> dwdt‘
0 Q
T T
g/ /wTeh,l‘\vulP—yvuP]dde/ / Ur|0ns — 1||Vul2dzdt
o Ja o Ja,

T T
< C/ / ’\Vul|2 — ]Vu\Qlda:dH—C/ / |Vu|*dzdt,
0o JQ 0o Ja,

where for fixed h, the first term on the last inequality tends to 0, as [ — 0, and then, letting
h — 0, the second term convergence to 0.
Substituting (3.52) and (3.53) into (3.51), we obtain (3.50). O

In fact,

Lemma 3.7. For fized T > 0, the diffusive term satisfies

T T
(3.54) lim lim J3=— lim lim v / V-0 b' - Abldrdt = v / / ;| Vb|?dzdt.
0 Ql 0 Q

h—0t1 =0t h—0t [—=0t+

Proof. The proof of Lemma 3.7 is similar to that of Lemma 3.6, thus we omit it. ([

Combining Lemma 3.1-3.7 together, we obtain

1 [T / 2 2 T 2 2 _

(3.55) _2/0 /szf(u\ +[b] )dmdt—i—/o /QwT (u|Vul? + v|Vb|?) dwdt = 0.
Denote
(3.56) B = [ (luf + 1b7?) (01

2 Jo
and

t

A 2 2

(3.57) D(t) ._/0 /Q(,u|Vu| + v|Vb|?) dzds.

Then (3.55) implies
(3.58) (E + D) =0 in D'((0,T)),
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which means that the energy equality (1.4) holds for a.e. ¢ € [0,7]. To complete the proof,
we only need to show that (1.4) actually holds for all ¢ € [0,7]. To this end, we proceed as
follows.

First, by the Arzela-Ascoli theorem (cf. Corollary 2.1 in [13]), we have

(3.59) u € L0, 75 L3(Q)) N W0, T; W13 (Q) = C([0, T); L2, (),
and
(3.60) b € L*°(0,T; L2(Q)) N W20, T; W13(Q)) < C([0, T]; L2, ().

Then by the energy inequality (1.9), (3.59) and (3.60), we have

0< lim (]u—u()]Q—l—\b bo|?) dz

t—0t
1
= 2 1lim u? + |b?) /u2+b dx)
o HW(/ (0P + e = [ J(uof? + [ooP?)
+ 2 lim </u0u0—udx+/b0b0— >
t—0+ Q Q
<0,

which implies

(362 Jim fu(t,) —u(0,2) 20 = lim [b(t,2) = b0, )20 = 0.
Similarly, we can deduce the right continuity of u and b in L?() for any tog > 0, that is,
(3.63) lim [[u(t, z) = u(to, ) 2) = lim [|b(¢,2) = b(to, )| L2() = 0
t—t] t—t]
Now, as in [5], for tg > 0, we take some positive 7 and « satisfying 7 + « < g, and define
(0, o0<t<m
L1 r<t<7+a,
(3.64) P (t) == ¢ 1, T+ a <t <t,
el ty<t<ty+a,
0, t >ty + a.

Substituting (3.64) into (3.55), we deduce

to+a
/ /\u\z—Hb] dmdt—/ /\u!Q—i—]b\

(3.65) o
= / / Y- (1|Vul® + v|Vb|?) dadt = D(to + o) — D(7).
T Q

Passing to the limit a — 0T, using the right continuity of u and b in L? and the continuity
of D(t), we obtain

(3.66) E(7) — E(to) = D(ty) — D(7).
Then, letting 7 — 0T, by (3.62), we have
(3.67) (E + D)(tp) = (E + D)(0),

which is exactly (1.4). O
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3.2. Proof of Theorem 1.2.

Proof. Following the proof of Theorem 1.1, we have

T
(3.68) / / ) (wfehvlu’) cldedt = I + I + Iy + I,
0 Q
and
T
(3.69) / / o, (¢70h71b’) bldedt = Jy + Jo + Js,
0 Q

with I; (i =1,2,3,4) and J; (j = 1,2, 3) being as previous subsection.
In accordance with Lemma 3.1, Lemma 3.5-Lemma 3.7, to prove Theorem 1.2, we need
to show
lim lim I, =0,
h—0t =0+

(3.70) lim lim J; =0,

h—0t [—0t

lim lim (IQ + JQ) =0.

h—0t [—0t

In fact, by the proof of Lemma 3.2-Lemma 3.4 in Section 3, we can check that the three
limits in (3.70) still holds under the condition (1.14).
O

4. THE INHOMOGENEOUS INCOMPRESSIBLE CASE

Now we apply our method to the inhomogeneous incompressible MHD system, which
reads

Op + div(pu) = 0,

O(pu) + div(pu @ u) — div(b ® b) + Vr — pAu = 0,

Ob +div(b ® u) —div(u®@b) —vAb =0, in(0,7) x Q,
divu = divb =0,

(4.71)

together with the initial conditions

(472) (pvpu7b)(07x> - (p07P01107b0)($)7 T € Q7
and the boundary conditions
(4.73) u=b=0 onl0,7] x 00N.

Compared with the homogeneous case, we require stronger regularity condition for ve-
locity u to tackle the new nonlinear term 0;(pu), which will be stated in Theorem 4.1. First,
we give the definition of weak solutions to (4.71)-(4.73).

Definition 4.1. We call (p,u,b, ) a weak solution to the initial-boundary value problem
(4.71)-(4.73) if



16 WANG AND ZUO

(i) p >0 and u satisfy

(4.74) we L2(0,T; HY (%)), y/pu € L®(0,T; L*()),
and b satisfies
(4.75) b € L°°(0,T; L*(Q)) N L*(0,T; H}(Q));

(ii) the equation (4.71) holds in D'((0,T) x Q);
(iii) p(t,") — po, pu(t,-) = mq in D'(Q) as t — 0T, that is, for any x € C°(Q), it holds

iim [ plt.o)x(@ds = | ma)x(e)ds,

t—0t+ Jo

lim (pu)(t,ac)x(ac)daz:/Qmo(a:)x(ac)d:c;

t—0t+ Jo
(iv) the following energy inequality holds for any t € [0,T]

1 ¢ 1
(4.76) 5/(p\u\2+ \b\2)(t)dx+/ / (u|Vu* + v|Vb|?) dads < 5/(po|uo\2+||o0|2)dgc.
Q 0 Q Q

Now we state our main result about the inhomogeneous case.

Theorem 4.1. Let (p,u,b,7) be a weak solution to the initial-boundary value problem
(4.71)-(4.73) in the sense of Definition 4.1. Assume that

(4.77) po € L®(Q), wup e LYQ), by e L3(Q),
(4.78) V/p € L=(0,T; L*(2)),

and

(4.79) ue LP(0,T; LY(Q))

with p > 4 and ¢ > 6. Also assume that there exists a § > 0 such that
(4.80) b e LY(0,T) x Qs), m€ L*((0,T) x Qs).
Then the following energy equality

1 t 1

(4.81) 7/(p\u\2+\b\2)(t)dx+/ /(uqu|2+u|Vb|2) deds = f/(p0|uo\2+|b0|2)dx.
2 Q 0 Q 2 Q

holds for all t € [0,T.

Remark 4.1. If the density is away from zero, the condition (4.79) can be replaced by the
following weaker one:

u e IP(0,T; 19(9),
with % + % <1 and q > 6, which will be proved in Remark 4.3 below.

Remark 4.2. With regard to the condition (4.78), as proved in [6], it can be replaced by
tmposing additional time reqularity on u, and if the density p is bounded from below by a

positive constant, the condition (4.78) can be omitted, just as Nguyen, Nguyen and Tang
did in [24].
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Before proving Theorem 4.1, we first give the definition of mollification in time and space
and introduce an important lemma.
We define the mollification of a function f € L*(Q) in time and space as follows:

1 [t t—s r—y
(182) piew) =g [ oG s,
where ¢ is the standard mollifier in four dimensions.

Corresponding to (4.82), as Lemma 2.1, we introduce the following commutator estimates.

Lemma 4.1. ([13, 19]) Suppose g1 € WLPL((0,T) x Q), g2 € LP2((0,T) x Q), with 1 <
p,p1,p2 < oo and = -+ o= Then

(4.83) 18(g192)" — 0(9199) | v (0.7 <) < CllOG1 w1 (0.7 <) 1921 L2 (0.7 x62)

for some constant C independent of l, g1 and ga, where & = 0 or & = 0y, and f' is defined
as in (4.82). In addition, if p < oo, then

(4.84) A(g192)" — d(g1g3) — 0 in LP((0,T) x ), as | — 07

Now we begin our proof.

Proof. Choosing (wTthlu’l)’l as a test function of (4.71),, we have

T
(4'85) / / ngthl’l . at(pu)’ldafdt + K1+ Ko+ K3+ K4=0,
0 Q

where

T
K, = / / U0 ut - div(pu ® u)'dzdt,
0 Ja
T
Ky = —/ / ¢70h7lu’l . le(b ® b)’leCdt,
0 Ja
T
Ky = / / Ve Op 0t - Vroldrdt,
0 Q

T
Ky:=—p / / YO0t - Awldadt.
0 Q

Similarly, choosing (1[179h7lb’l)7l as a test function of (4.71);, we have

T
(4.86) / / V00" - 9ol dadt + Ly + Loy + L3 = 0,
0 Q

where

T
Ly:= / / TZJTQh,lb’l ~div(b® u)’l dxdt,
0 Q
T
Ly := —/ / 1/J7-9h7lb’l -div (u X b)’l dxdt,
0 Q

T
L3 = —I// / wreh,le : Ab’ldﬂj‘dt.
0 Q
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Next we will focus our attention on the terms fOT fQ wTHhJu’l -8t(pu)’ld:1;dt and K7, since
the other terms can be handled as in Section 3.

Lemma 4.2. For fized 7 > 0, we have

T
lim lim {/ / wTﬂh’lu’l . 8t(pu)’ldxdt + Kl]
0o Jao

h—0t [—0t

T T
(4.87) = lim lim {/ /¢79h7lu’l-6t(pu)’ld:ndt+/ /Qj)TGh,lu’l-div(pu@u)’ldmdt
0o Jo 0o Jo

h—0t+ =07+
1 T
= _/ / V! plul*dzxdt,
2Jo Ja
provided p > 4 and q > 6.

Proof. We first decompose the terms fOT Jo V0wt - 0y(pu)tdrdt and K into two parts
respectively

T
/ / Urbp 0t - Oy(pu)tdadt
o Ja

(4.88) T ’
= / / w’reh,llrl . ((%(pu),l _ 8t(pu’l)) dxdt _|_/ / ngh’lu,l . at(pll’l)dl‘dt
0 Q 0 Q
=M + N,
and
T
Ky = / / P 0! - div(pu @ u)'dzdt
0 Q
T l z l
= 7'0 e d 7 — d ’ d t
(4.89) /0 /Qw hi" ( iv(pu ® u) iv(u ®pu)) xd

T
+ / / wTQh,lu’l . div(u’l ® pu)dzdt
0o Ja
=K1 + Kq9.

For the terms N and K2, integrating by parts and using the continuity equation (4.71),
we have

T T
N+ Ky = / V0wt - 0y (pu!)dadt + / / YOyt - div(w! @ pu)dedt
0 Q 0 Q

T T
1
=/ /wreh,z|u’ll23tpd$dt+*/ /¢r9h,lpat|u’l|2d$dt
0 (9] 2 0 Q

T T
1
+/ 1/179h,1|u’l\2di\’(ﬂu)d$dt+*/ /%Qh,mu'v\u’lﬁdmt
0 Q 2 0 Q

1 /7 1 /7
25/ /¢79h,z|u’l\25tpd$dt— 5/ /w;ah,zp|u’l|2dxdt
o Ja o Ja

1 (T I
+f/ /wreh,z\U’IIQdiV(pU)dxdt— 7/ /wru-wh,mm’”gdﬂﬁdt
2 0 Q 2 0 Q

(4.90)

1 /T 1 /7
—— 5 [ [ estnaphatPazar =5 [ [ v gl Pasa,
0 Q 0 Qp
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where thanks to Lemma 2.2, the second term can be controlled by

1

T
- = / Yrua - V&h,lp\u’l|2dxdt
2J)o Ja,

(4.91) <CN[l[VOhulll 2 0.1y xom) 1ol Lo 0.7y 10l T 0.7 x )

<c|

Thus, we have

u 2 +
dist(z,00) ol o< 0,7y x2) Ul 22 0,7y x02,) — 05 @s B — 0.

L2((0,T)x4)

1 (T
(4.92) lim lim (N + Ky2) = —2/ / V! plu|?dadt.
0 Q

h—0t =0+
For the terms M and K;;, by Holder’s inequality and Lemma 4.1, we have

(4.93)
M+ Kqy

T
= / / V0 - (8t(pu)l — 9y(pu)) + div(pu @ u)! — div(u' ® pu)) dadt
0o Jo

T—1
<C [ Ml (10" = 0],y o+ div(pu e )~ divta' @ pu) 0

HL%(Q))
2 .
< Clluloqo oy (1001 125 g gop st )+ IV g ).
Then, by the continuity equation (4.71),, the divergence-free property of u, (4.78) and
(4.79), we have
2
(4.94) Bip = —div(pu) = —2V./p - /pu € LP(0,T; L7+2 ().
Thus, by Lemma 4.1, we have

=0+
provided 2%2 < p and qTqQ < q%qua or equivalently, p > 3 and ¢ > 6.

Substituting (4.92) and (4.95) into (4.88) and (4.89), we get our desired result. O

Remark 4.3. As mentioned in Remark 4.1, if the density is away from zero, the condition
(4.79) can be replaced by the following weaker condition:

we (0, T; L9(9),

with%-ﬁ-%gl and g > 6.

In fact, if the density is away from zero, by (4.74), we have
(4.96) uc L>(0,T; L*(Q)),
which implies for fized T > 0

g I ! - 2
. . A4 s _ _ = /

(4.97) hg& ll_lil)%r [/0 /QwTOhJu O(pu)’dzdt + Kl} 5 /0 /Qpr|u] dxdt,
provided ¢ > 6 and % +% < %

On the one hand, by (4.79) and (4.96), we have

lallzso,mx0) < C,
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provided ¢ > 4 and % + % < L which implies (4.92).
On the other hand, for M and K11, we have
M+ Ky

<C
”u”LP 0,T;La(2)) HUH 7(OTLj(Q))

d
(H oy IO OTW@)))

By (4.96) and interpolation inequality, we have

=6 4
[[all < CHUHLOO oyl <C,

2
Lj(OTL%(Q)) LD (0,7;L4(%2))
provided 0 < 5 <1 and W <p, whz’ch is equwalent toq>6 and %—i—

we can obtam (4 95) provided q > 6 and L —|— = 2

Taking into account (4.92) and (4.95), we can obtam (4.97). Therefore, combining (4.97)
and Lemma 3.3-Lemma 3.7, we can obtain our desired result.

Now we return to our proof. By Lemma 3.3-Lemma 3.7 and Lemma 4.2, letting [ — 0T
and h — 0 successively, we have

(4.98) _;/OT/QWT (plul* +|b[?) dmdt+/0T/QwT(,uWu|2+1/|Vb|2)dxdt:0.
Denote

(4.99) Bi(1) = 5 [ (oluf + b

and

(4.100) Di(t) == /t/(,u]Vu|2+y\Vb|2)dxds.

Then (4.98) implies o

(4.101) (E1+ D1) =0in D'((0,7)).

As the homogeneous case, in order to prove the energy equality (4.81), it is sufficient to
prove the right continuity of \/pu and b in L?.
First, by the continuity equation (4.71),, we have

(4.102) On/p = —div(y/pu),

which, with help of (4.74), implies

(4.103) Oi/p € L=(0,T; H ().

Thanks to the Aubin-Lions lemma (cf. [29]), we have

(4.104) Vp € HY0,T; H1(Q)) N L*(0,T; H(Q)) — C([0, T]; L*(2)).
Meanwhile, by the Arzela-Ascoli theorem (cf. Corollary 2.1 in [13]), we have
(4.105) pu € L(0,T; L2(Q)) N HY0,T; W13(Q)) — C([0,T]; L2,,.()),
and

(4.106) b e L0, T; L2(Q)) N HY(0, T; W13 (Q)) = C([0, T]; L2, ().
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Thus, by the energy inequality (4.76) and (4.104)-(4.106), we have

0 < lim (|v/pu — v/pouo|> + |b — bo|*) dz

t—0+t O
e 1
—9Tm / Lol + bf)dz - / L ooluol? + [bo[2)de
t—0+ Q 2 Q 2
21 — d bo(bg — b)d
(4.107) T (/Q to(potio = vkoy/pu) x+/9 o(bo —b) x)

<2 lim uo(poug — +/po/pu)de
Q

t—0+

=2 lim A (uo(pouo — pu) +ugy/pu(y/p — o)) d

=0,
provided ¢ > 4 and % + % < 1, where we used u € L*((0,7) x Q) and up € L*(Q) in the
last equality, which implies
(4.108) (VAu)(t,2) ~ (vpouo) @)y = Tim. [Ib(t,2) — bo(a) ) = 0.

Similarly, we can deduce the right continuity of \/pu and b in L? for any ty > 0, that is,

lim ||
t—0t+

(4.109) lim+ I|(v/pu)(t,z) — (\/ﬁu)(to,a:)HLz(Q) = 1im+ IIb(t,z) — b(to,x)HLz(Q) =0.
t—st] t—stg
The rest of this proof is similar to that of Theorem 1.1, thus we omit it here. O

5. THE ISENTROPIC COMPRESSIBLE CASE
Now we apply our method to the isentropic compressible MHD system, which reads

Op + div(pu) = 0,
Ot(pu) + div(pu ® u) — div(b ® b) + Vr = divS,

(5.110) Ob 4+ div(b ® u) — div(u® b) — vAb =0, in(0,7) x Q,
divb = 0,

together with the initial conditions

(5.111) (p, pu, b)(0,2) = (po, pouo, bo)(z), =z €Q,

and the boundary conditions

(5.112) u=b=0 on[0,7]x oN.

Here P is given by P := P(p) = ap?, with a being a positive constant and the adiabatic
exponent ~ satisfying v > 1, and the viscous stress tensor S is given by

S = u(Vu + Vtu) + A(divu)T,

with I being the unit matrix, ¢ and A being the shear and bulk viscosity coefficients respec-
tively, satisfying

2
(5.113) n>0, At op>0.

We first give the definition of weak solutions to (5.110)-(5.112) as follows.



22 WANG AND ZUO

Definition 5.1. We call (p,u,b) a weak solution to the initial-boundary value problem
(5.110)-(5.112) #f
(i) p > 0 and u satisfy

(5.114) p € L¥(0,T; L7(Q)), ue L*(0,T; Hy (), v/pu € L>(0,T; L*(2)),
and b satisfies
(5.115) b € L>=(0,T; L*(Q)) N L*(0, T; H (Q));

(ii) the equation (5.110) holds in D'((0,T) x Q);
(iii) p(t,-) — po, pu(t, ) = mq in D'(Q) ast — 0F;
(iv) the following energy inequality holds for any t € [0, T]

1 9 1.5 ap”
= ~|b
[ (GotaP + 31+ ) (0

¢
(5.116) + / / (1|Val® + (1 + ) (diva)® + v|Vb|?) dads
0 Jo

1 2, L2, apy
< — —|b — | dz.
_/Q<2/)0|u0’ + 5 Ibo| +7_1 z

Our main result related to system (5.110) is as follows.

Theorem 5.1. Let (p,u,b) be a weak solution to the initial-boundary value problem (5.110)-
(5.112) in the sense of Definition 5.1. Assume that

(5.117) Vpoug € LA(Q), pg € LYQ), ug € L*(Q), by € L*(Q),
(5.118) p € L>((0,T) x Q), Vy/p € L>=(0,T; L*(Q)),

and

(5.119) ue LP(0,T; L))

with p > 4 and ¢ > 6. Also assume that there exists a § > 0 such that
(5.120) b € LY((0,T) x Q).

Then the following energy equality

1, 9 1.5 ap”
- —|b — | (t)d
[ (GotaP + 3107+ ) (e

t
(5.121) +/ / (u|Vul? + (i + ) (divu)? + v|Vb|?) dzds
0 JQ

1 2 Lo, apg
— [ (:z “b dz.
/Q<2/)0|uo! + 5 bol toor)

holds for all t € [0,T].

Remark 5.1. Note that our result is consistent with the result [5] for the compressible
Navier-Stokes equations in a bounded domain. In addition, in the absence of vacuum, as
proved in [24], the condition V./p € L>(0,T; L*(2)) in (5.118) can be relazed to

(5.122) sup sup \h|_%||p( + h,t) — p(-, )| 12
te(0,T) |h|<e L

(@) < o0, for each 0 < § < 1.
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Proof. As in Section 4, choosing (1/179h7lu’l)’l as a test function of (5.110),, we obtain

T
(5123> / / wTehle’l . 8t(pu)’ldxdt + My + My + Ms + My + Ms 4+ Mg = 0,
0 Q
where

T
M = / / YO0t - div(pu ® u)ldadt,
0 Q

T
My = — / / rOp 0’ - div(b ® b)'dxdt,
o Ja
T
o Jao
1 [T l 24,1
My == VYrOp e’ - V(|b]*) dxdt,
2Jo Ja

T
Ms = —p / / YO0t - Awtdrdt,
0 Q

M,

=]

T

=—(A+p) / / ¢79h7lu’l - Vdivu'ldzdt.
0 Jo

Choosing (@Z)Tﬂhylbvl)’l as the test function of (5.110),, we have

T
(5.124) / / Y- 0p b - Oyblddt + Ny + Ny + N3 = 0,
0 Q
where
T
Ny = / / l/JTQh,lb’l ~div(b® u)’l dxdt,
0 Q
T
Ny := — / / ¢79h75b’l -div (u ® b)’l d$dt,
0 Q
T
Ny = —v / / V0,00 - Abldzdt.
0 Q

For the isentropic compressible case, we mainly focus our attention on the pressure term
M3 and the nonlinear terms M4 and N7, since the other terms can be handled as in Section
3 and Section 4.

Lemma 5.1. For fized T > 0, for the pressure term Ms, we have

a
v—1

T
(5.125)  lim lim M5 =a lim lim / / Y Op ot -V (p7 ) drdt = —
0 Q

h—0t+ l—0t h—0t l—0t

T
/ YL pYdxdt.
o Jo
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Proof. We first decompose the pressure term into three parts
T
M; =a / / VOt -V (p7) dadt
0o Ja
T T
:a/ / wTQhwlu’l . (V(p”’)’l — Vp”) dxdt + a/ / wTﬂh’l(u’l —u) - Vp'dzdt
(5.126) o Ja o Ja
T
+a/ / Y 0hu- Vpldedt
0o Ja
:=M31 + M3z + Mss.
For Ms3, we have

T ay T
M33 :a/ / Y 0hu- Vpldedt = 7/ / Y000 - V) " tdadt
o Ja vy—1Jo Ja

a

T T
7 / / O div(pu)p?~ dadt — — / / bou - Vo p" dadt
v—=1Jo Ja v—=1Jo Ja

T T
- / / UrOp1p? Oy pdwdt — —— / / G- Vo, " dudt
y—=1Jo Ja vy—=1Jo Ja

T T
- ¢ / / W Opap T dudt — / Gru - Vo, p" dadt,
y=1Jo Ja y=1Jo Ja,

where the second term can be controlled by

T
S / / pou - VO, p" dadt
v—1Jo Qn

< CH\u\|V9h,l|||L2((o,T)th)||PWHL2((0,T)th)

(5.127)

(5.128)
< C’ S — 1071122 (0.7 x2)
dist(x,00) L2((0,T)x )
—0,ash—0".
Thus, we have
T
a
5.129 lim lim Mgy = — rpdwdt.
(5129) i, i M = =2 [ [ ot

For Msq, we have

T
M3,y :a/ / wTHh,lu’l . (V(pw)’l — V,o”) dxdt
0o Jo

<Cllull r20.1)x IV (") = Vo | 22((0,1) %)
-0, asl — 0T,

(5.130)

and for Mso, we have

T
Mgg :a/ / 1/179h71(u’l — u) . foydl‘dt
0 Q

5.131
(5.131) <Cllut — ull 2o xe V0 20 x)

—0, asl—0".

Thus, substituting (5.129)-(5.131) into (5.126), we obtain (5.125).
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Lemma 5.2. For fized T > 0, for the nonlinear terms My and N1, we have
(5.132)
lim lim (M + Ny)

h—0t =0t
= lim lim (/ /zZJTthu’ . |b| ) dmdt—i—/ /Q/JTthb’ div (b ® u)’ dxdt) 0,
h—0t+ =0t
. 2 3
provided >t g <1.

Proof. We first decompose the terms My and N;j into two parts respectively

/ /wTﬂhlu’ . |b| ) dxdt

(5.133) / [ et (o) = o) + ) / [ et Ol

= Myy + My,

and
(5.134)

T
Ny = / $r0 0" - div (b @ u)’ dadt
0 Q

T T

:/ /wTﬁhylb’l«div (b®u)’l—div(b®u7l)> dxdt—i—/ /wfehylbvl -div(b @ w!)dzdt
0 Q 0 Q

= N11 + ng.

For Nio, we have

T
N12 :/ / lefeh’lb’l . le(b ® u’l)dazdt

/ /¢Tu’ V@hlb’ bdxdt — / /Qﬂq—ﬁhl ut- )b - bdzxdt

:—/ ¢rut - Vo, bt bdxdt—/ /wTﬁhl u' - V) (b’l—b> - bdxdt
o Ja,

1 T
- / /wTah,lu’l.wby?dxdt,
2Jo Ja

which, combined with (3.39) and (5.133), yields

T T
Myz 4 Nig = — / ¢rwt - Vo, o' - bddt — / / Yr0h (' - V) (b! = b) - bdzdt
0 Qpn 0 Q

<Cllw"IVOnalll2(0,1) <) IBIZs(0.7) x20)

+ Cllull oo,z La@) IV (B =)l 22(0.7)%0) P
(5.135) LP " OT“ 2(9))
Hb||2L4((0,T)><Qn)

_0’ u?
L2((0,T)x2)
+ Clull (0.7 L4 |V (b *b)||L2((0T)xQ)||b|| 2p

dist(z,00)
0L (@)

—0, ash — 0",

- 2,3
provided 5+5 < 1.



26 WANG AND ZUO

For My, we have

My = / /z/JTGhlu (|b| ) |b|2) ddt
:5/0 /sz;Tah,IuJ- v (jb2)" - V(b b)) dzdt
.y ' [t (7 (b1 ) = VIbP) ded

<Cllullzr(o,r;La0) VPl 20,1y e 1Pl L2 (0,70 2% ()

+ Cllull ogo,rzacn I Vbl 220,y x ) [1B? —b[, 28 01025 )

+ Cl[ul| oo, 7:La (@) IV (0 = )| 2((0.1) x2) [ B T T

which, combined with Lemma 4.1 and (3.39), gives
(5136) lim M41 = 0

1—0+
provided % + % <1.
Similarly, for N1, we have
T
N1 :/ / wfﬁhylb’l . (div (b® u)’l —div(b® u’l)) dxdt

||div(b @u)! —div(b @ wl)||

<C|/bl| 2 g
L7 OTLQ 2(9 LP»+2(0,T5L 1%2 (Q2))
<C||b|| 28 o7 ||V|0||L2 o.1)x) e 0,7;L9(02))5
which implies
(5.137) lim Nyj =0,
=0+

provided % + % <1.
Substituting (5.135)-(5.137) into (5.133) and (5.134), we obtain (5.132).

0

Therefore, letting [ — 07 and A — 01 successively in (5.123) and (5.124), combining
Lemma 3.4, Lemma 3.6, Lemma 3.7, Lemma 4.2, Lemma 5.1 and Lemma 5.2 together, we

have
T y
_/ /¢;< pluf? ++-2— |b|2) dadt
(5.138) 0. T
+/ /wT (u|Val® + (u+ A)(diva)® + v|Vb|?) dzdt = 0.
0 Q
Denote
o 1 2 ap”? 1 2
(5.139) Ea(t) ._/Q<2p|uy + 4 Sl ()
and
t
(5.140) Ds(t) ::/ / (u|Val® + (p+ ) (diva)® + v|Vb|?) dzds.
0 JQ

Then (5.138) implies
(5.141) (E2 + D2) =01in D'((0,T)).
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Now, as in Section 3 and 4, to prove the energy equality (5.121), it is enough to prove
the right continuity of |/pu, b in L? and p" in L%

First, by the continuity equation (5.110),, we obtain

1

(5.142) Ou(y/p) = ~div(y/pu) + 5 /pdivu,
which, combined with (5.114) and (5.118), implies
(5.143) Vp € L0, T; HY()), 8:(yv/p) € L*(0,T; H ().
Thanks to the Aubin-Lions Lemma (cf. [29]), we obtain
(5.144) Vp € C([0,T); L*(Q)).

For p7, we can use the continuity equation (5.110); again to obtain
(5.145) O (p?) = —ypTdivu — 27p7*%v\/ﬁ~ u,
which, with the help of (5.114) and (5.118), yields
(5.146) p? € L(0,T; H'(R)), 84(p") € L*(0,T; L2 (Q)).
Applying the Aubin-Lions Lemma (cf. [29]), we get
(5.147) P € C([0,T); L*(Q)).

Therefore, combining (4.105), (4.106), (5.144), (5.147) and the energy inequality (5.116),
we deduce

0< lim [ (lv/pu— pouo|® + [b—bo|?) dx

t—0t Jo

S 1 ap? 1 1 ap] 1
=21 —plul? ~|b|? ) d —/ = 24+ —0 4 —|bo* ) d
0+ UQ(2P|U| o1t I) v | \groluol”+ =7 + 5 lbol” ) do

5.148 —
( ) + 2t£r51+ (/ [ug(poug — pu) + ug/puly/p — +/po)ldz + / bo(bg — b)dx)
Q Q
v Y
+2Tim ( o 9P )da;
t—=0t Jo\yvy—1 -1

<0,

where we used u € L4((0,T) x Q), ug € L*(Q).
The rest of the proof is similar to that in the Section 4 and 5, thus we omit it here. [
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