
un
co

rr
ec

te
d

pr
oo

f

Journal of Scientific Computing _#####################_

https://doi.org/10.1007/s10915-021-01446-7

Superconvergence of the Local Discontinuous Galerkin
Method for One Dimensional Nonlinear Convection-Diffusion
Equations

Xiaobin Liu1 · Dazhi Zhang1 · Xiong Meng2 · Boying Wu2

Received: 2 September 2020 / Revised: 12 January 2021 / Accepted: 26 February 2021
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2021

Abstract1

In this paper, we study superconvergence properties of the local discontinuous Galerkin2

(LDG) methods for solving nonlinear convection-diffusion equations in one space dimen-3

sion. The main technicality is an elaborate estimate to terms involving projection errors.4

By introducing a new projection and constructing some correction functions, we prove the5

(2k +1)th order superconvergence for the cell averages and the numerical flux in the discrete6

L2 norm with polynomials of degree k ≥ 1, no matter whether the flow direction f ′(u)7

changes or not. Superconvergence of order k + 2 (k + 1) is obtained for the LDG error8

(its derivative) at interior right (left) Radau points, and the convergence order for the error9

derivative at Radau points can be improved to k + 2 when the direction of the flow doesn’t10

change. Finally, a supercloseness result of order k + 2 towards a special Gauss–Radau pro-11

jection of the exact solution is shown. The superconvergence analysis can be extended to the12

generalized numerical fluxes and the mixed boundary conditions. All theoretical findings are13

confirmed by numerical experiments.14
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1 Introduction18

In this paper, we investigate superconvergence of the local discontinuous Galerkin (LDG)19

method for one-dimensional nonlinear convection-diffusion equations20

ut + f (u)x − buxx = g(x, t), (x, t) ∈ [0, 2π] × (0, T ], (1.1a)21

u(x, 0) = u0(x), x ∈ [0, 2π], (1.1b)22

where b > 0 is a constant, u0 is smooth, and g is a smooth function. We assume that the23

nonlinear flux function f (u) is sufficiently smooth with respect to the variable u, and the24

exact solution is assumed to be smooth on [0, 2π ] × [0, T ] for a fixed T . The main task25

in deriving superconvergence is a delicate treatment for terms involving projection errors.26

By defining a new projection and constructing some correction functions, superconvergence27

properties for Radau points, cell averages and supercloseness are shown. Both the periodic28

boundary condition and mixed boundary conditions are considered.29

As a class of efficient methods for solving partial differential equations (PDEs) involving30

high order spatial derivatives, the LDG method was proposed by [17] for convection-diffusion31

equations. Typically, an auxiliary variable will be introduced so that the standard discontin-32

uous Galerkin (DG) methods can be applied to the resulting first-order system. Due to its33

numerical stability and local solvability of auxiliary variables, the LDG method has been34

widely used for solving a series of high order equations; see, e.g., [9,15].35

In addition to optimal error estimates of LDG methods, the research of superconvergence36

has been a hot topic in recent years. Superconvergence results for Radau points have been37

obtained by using the Fourier approach [18] and the finite element technique [8,10,14] for38

different types of PDEs. Suboptimal supercloseness results of order k +3/2 (with k being the39

polynomial degree) is proved for linear convection-diffusion equations in [12], which was40

latter improved to be sharp of order k +2 in [23]. There is another kind of superconvergence,41

which is measured in the L2 norm for post-processed errors. For linear hyperbolic equations,42

[16] proved that the post-processed solution through a convolution with some kernel functions43

is of order 2k + 1 superconvergent to the exact solution. Based on the duality argument and44

divided different estimates, the post-processing technique is extended to linear convection-45

diffusion equations in [19] and nonlinear symmetric systems of hyperbolic conservation laws46

in [20].47

Recently, a systematic way via constructing special interpolation functions was success-48

fully applied to the DG and LDG methods for linear hyperbolic and parabolic equations in49

[5,6]. Moreover, for nonlinear scalar conservation laws, by suitably choosing a local projec-50

tion and analyzing correction functions, [4] proved that the order between the DG solution51

and the particular projection can achieves (k + 2)th order when the direction of the flow52

doesn’t change, and the order is less than k + 2 when f ′(u) changes its sign. Also, the DG53

flux function f (uh) is proved to be superconvergent to a particular flux function of the exact54

solution.55

In current paper, we aim at analyzing the superconvergence properties of LDG methods56

for nonlinear convection-diffusion equations. Different from using a weighed projection and57

a special operator for constructing correction function when f ′(u) is fixed or introducing a58

special projection consisting of four local projections when f ′(u) does change its sign in [4],59

we propose a new approach based on the balance of leading errors between the nonlinear60

123

SPI Journal: 10915 Article No.: 1446 TYPESET DISK LE CP Disp.:2021/3/8 Pages: 30 Layout: Small

A
u

th
o

r
 P

r
o

o
f



un
co

rr
ec

te
d

pr
oo

f

Journal of Scientific Computing  _#####################_ Page 3 of 30 _####_

convection term and the diffusion term. To this end, we construct a new combined projection61

Π(u, q) = (P−
h u, P+

h q) depending on the “reference” numerical flux f̃ . To be more specific,62

the standard local Gauss–Radau projection P−
h u is used to eliminate the boundary term and63

integral term resulting from the prime variable u for the diffusion term, while P+
h plays64

the role in dealing with difficulties coming from the auxiliary variable q and the nonlinear65

convection term f (u). When the direction of the flow doesn’t change, the projection P+
h is66

(k + 2)th order superclose to the local Gauss–Radau projection P+
h . Further, some special67

interpolation functions consisting of the difference between the newly designed projections68

and correction functions are constructed. The interpolation function is thus superclose to69

the LDG solution, and superconvergence results can be obtained, which provides a solid70

foundation for illustrating the inherent interactive mechanism of the leading errors between71

the nonlinear convection term and the diffusion term.72

An overview of this paper is as follows. In Sect 2, we present the semi-discrete LDG73

method for nonlinear convection-diffusion problems. In Sect. 3, we introduce a new projection74

and construct special correction functions, and the corresponding properties are analyzed.75

Section 4 is devoted to the superconvergence analysis, in which we show superconvergence for76

cell averages, Radau points as well as supercloseness. Extensions of the results to generalized77

alternating fluxes, mixed boundary conditions and the auxiliary variable are given in Sect. 5. In78

Sect. 6, numerical experiments are displayed that demonstrate the sharpness of our theoretical79

results. We end in Sect. 7 with concluding remarks and some possible future work.80

2 The LDG Scheme81

The usual notations of the LDG method are adopted here. For any positive integer r , we82

denote Zr = {0, 1, . . . , r} and Z+
r = Zr\{0}. The computational domain Ω = [0, 2π] is83

divided into N elements with 0 = x 1
2

< x 3
2

< · · · < xN+ 1
2

= 2π , The cell center and cell84

length are denoted by x j = 1
2
(x j− 1

2
+ x j+ 1

2
) and h j = x j+ 1

2
− x j− 1

2
, respectively. The85

following polynomial space is chosen as the finite element space86

V k
h = {v ∈ L2(Ω) : v|I j

∈ Pk(I j ), j ∈ Z+
N }87

with Pk(I j ) the set of polynomials of degree up to k defined on I j . Since functions in V k
h88

may be discontinuous across element boundaries, we use89

{{v}} j+ 1
2

= 1

2

(
v+

j+ 1
2

+ v−
j+ 1

2

)
, [[v]] j+ 1

2
= v+

j+ 1
2

− v−
j+ 1

2

90

to denote the mean and jump of the function v at each element boundary point x j+ 1
2
, where91

v+
j+ 1

2

and v−
j+ 1

2

are the traces from the right and left cells.92

Throughout this paper, we use W ℓ,p(D) to denote the standard Sobolev space on D93

equipped with the norm ‖ · ‖W ℓ,p(D) = ‖ · ‖ℓ,p,D with ℓ ≥ 0, p = 2 and p = ∞. For94

p = 2, ‖ · ‖W ℓ,2(D) = ‖ · ‖ℓ,D , and the subscript D will be omitted when D = Ω with an95

unmarked norm ‖ · ‖ denoting the standard L2 norm on Ω . For v ∈ H1(Ω), the L2 norm at96

cell boundaries is defined as follows:97

‖v‖Γh
=

( N∑

j=1

[(v+
j− 1

2

)2 + (v−
j+ 1

2

)2]
) 1

2
.98
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As usual, by introducing an auxiliary variable q =
√

bux , the problem (1.1) can be written99

as a first order system100

ut + f (u)x −
√

bqx = g(x, t), q −
√

bux = 0.101

Then the semi-discrete LDG scheme is formulated as follows: find uh, qh ∈ V k
h such that for102

∀v, ϕ ∈ V k
h103

∫

I j

(uh)tvdx + f̂ (uh)v−| j+ 1
2

− f̂ (uh)v+| j− 1
2

−
∫

I j

f (uh)vx dx104

−
√

b
(

q̂hv−| j+ 1
2

− q̂hv+| j− 1
2

−
∫

I j

qhvx dx
)

=
∫

I j

g(x, t)vdx, (2.1a)105

∫

I j

qhϕdx −
√

b
(

ûhϕ−| j+ 1
2

− ûhϕ+| j− 1
2

−
∫

I j

uhϕx dx
)

= 0, (2.1b)106

where f̂ (uh) is the Godunov flux, i.e.,107

f̂ (uh) � f̂ (u−
h , u+

h ) =
{

minu−
h ≤ω≤u+

h
f (ω), if u−

h < u+
h ,

maxu+
h ≤ω≤u−

h
f (ω), if u−

h ≥ u+
h ,

108

and ûh, q̂h are a pair of alternating fluxes. For example, one can use the following alternating109

fluxes110

ûh = u−
h , q̂h = q+

h , (2.2a)111

or112

ûh = u+
h , q̂h = q−

h . (2.2b)113

Motivated by [4], to deal with the nonlinear term, a “reference” numerical flux is intro-114

duced, which plays an important role in the design of new projections in Sect. 3.1 below.115

That is,116

f̃ (uh) =
{

f (u−
h ), if f ′(u)| j+ 1

2
≥ 0,

f (u+
h ), if f ′(u)| j+ 1

2
< 0,

(2.3)117

where uh and u are the numerical solution and the exact solution of (1.1), respectively.118

The LDG scheme (2.1) will be simplified if one adopts the DG spatial discretization119

operator given by120

H
(
w, v; ŵ

)
=

N∑

j=1

H j

(
w, v; ŵ

)
121

with122

H j

(
w, v; ŵ

)
= −(w, vx ) j + ŵv−| j+ 1

2
− ŵv+| j− 1

2
, (2.4)123

where (·, ·) j denotes the L2 inner product on I j . By Galerkin orthogonality, one has the124

following cell error equation125

(
(eu)t , v

)
j
+ (eq , ϕ) j + H j

(
f (u) − f (uh), v; f (u) − f̂ (uh)

)
126

−
√

bH j

(
eq , v; êq

)
−

√
bH j

(
eu, ϕ; êu

)
= 0, (2.5)127
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which holds for ∀v, ϕ ∈ V k
h and j ∈ Z+

N . Here eu = u −uh, eq = q −qh . In what follows, let128

us recall the local Gauss–Radau projections of a function φ ∈ H1(Ω) into the finite element129

space V k
h , denoted by P−

h or P+
h , which are defined as the unique function in V k

h such that130

(P−
h φ, vh) j = (φ, vh) j , ∀vh ∈ Pk−1(I j ), P−

h φ(x−
j+ 1

2

) = φ(x−
j+ 1

2

), (2.6a)131

(P+
h φ, vh) j = (φ, vh) j , ∀vh ∈ Pk−1(I j ), P+

h φ(x+
j− 1

2

) = φ(x+
j− 1

2

). (2.6b)132

To facilitate analysis, we use the following Legendre expansion in each element I j , j ∈133

Z+
N . That is, for φ ∈ H1(I j )134

φ(x, t) =
∞∑

m=0

φ j,m(t)L j,m(x), φ j,m(t) = 2m + 1

h j

(φ, L j,m) j ,135

where L j,m denotes the rescaled Legendre polynomial of degree m on I j , namely L j,m(x) =136

Lm(
2(x−x j )

h j
). By the definition of P−

h , P+
h in combination with the orthogonality property137

of Legendre polynomials, one has138

(φ − P−
h φ)(x, t) = −→

φ j,k L j,k +
∞∑

m=k+1

φ j,m L j,m, (2.7a)139

(φ − P+
h φ)(x, t) = ←−

φ j,k L j,k +
∞∑

m=k+1

φ j,m L j,m, (2.7b)140

in which
−→
φ j,k,

←−
φ j,k can be determined by the boundary collocation conditions in (2.6). It141

reads,142

−→
φ j,k =

k∑

m=0

φ j,m − φ(x−
j+ 1

2

),
←−
φ j,k =

k∑

m=0

(−1)k−mφ j,m − (−1)kφ(x+
j− 1

2

). (2.7c)143

After a simple application of the Bramble–Hilbert lemma [1, Lemma 2.2.2] and scaling144

arguments, we obtain145

|−→φ j,k | ≤ Chk+1‖φ‖k+1,∞, |←−φ j,k | ≤ Chk+1‖φ‖k+1,∞,146

where C is a constant independent of φ and the mesh size h.147

For the correction function construction procedure, the following integral operator D−1
x148

is essential, which aims at eliminating the leading term of the error equation via integration149

by parts, and thus superconvergence results can be obtained; see, e.g., [6]. That is,150

D−1
x φ(x) = 1

h̄ j

∫ x

x
j− 1

2

φ(τ)dτ, τ ∈ I j ,151

where h̄ j = h j/2. Obviously,152

φ(x) = h̄ j

(
D−1

x φ(x)
)

x
. (2.8)153

Moreover, by the properties of Legendre polynomials, for m ∈ Zk with L j,−1 = 0, we have154

D−1
x L j,m(x) = 1

2m + 1
(L j,m+1 − L j,m−1)(x). (2.9)155
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Finally, we list some inverse properties of the element space V k
h that will be used in our156

analysis. For any vh ∈ V k
h , there exists a positive constant C independent of vh and h such157

that158

(i)‖∂xvh‖ ≤ Ch−1‖vh‖; (ii)‖vh‖Γh
≤ Ch−1/2‖vh‖; (iii)‖vh‖∞ ≤ Ch−1/2‖vh‖.159

3 A New Projection and Correction Functions160

To derive superconvergence results, interpolation functions consisting of special projections161

and correction functions need to be carefully designed, which are mainly used to obtain a162

superconvergent bound for the contribution of projection errors; see Sect. 3.3 below. Since163

the Gauss–Radau projections P−
h or P+

h are not sufficient to deal with the nonlinear term that164

changes its flow direction, we shall first introduce a new projection, which is a modification165

of P+
h . In what follows, we mainly concentrate on the fluxes (2.2a), and the case with (2.2b)166

will be discussed in Remark 3.2.167

3.1 A New Projection168

Motivated by [11, Sect. 4.2], we define the following modified projection169

Π(u, q) = (P−
h u, P+

h q),170

where P−
h u ∈ V k

h has been given in (2.6a), and P+
h q ∈ V k

h depends on both u and q such171

that172

∫

I j

(q − P+
h q)vh dx − 1√

b

∫

I j

f ′(u)(u − P−
h u)vh dx = 0, ∀vh ∈ Pk−1(I j ), (3.1a)173

P+
h q(x+

j− 1
2

) = q(x+
j− 1

2

) − 1√
b

f ′(u j− 1
2
) ˜(u − P−

h u)
j− 1

2
, ∀ j ∈ Z+

N , (3.1b)174

where w̃ has been defined in (2.3). It is easy to see that P+
h q = P+

h q when f ′(u) = 0, and175

(q − P+
h q)+

j− 1
2

= 0 when f ′(u) ≥ 0. Thus, P+
h can be viewed as an extension of the local176

Gauss–Radau projection P+
h . Moreover, for v ∈ V k

h and j ∈ Z+
N , Π(u, q) = (P−

h u, P+
h q)177

satisfies the following identity178

H j

(
f ′(u)(u − P−

h u), v; f ′(u) ˜(u − P−
h u)

)
−

√
bH j

(
q − P+

h q, v; (q − P+
h q)+

)
= 0.(3.2)179

180

The properties of the projection P+
h in the following lemma are essential to the proof of181

superconvergence; see Lemma 3.3 below.182

Lemma 3.1 Suppose |∂k
x f ′(u)| ≤ C, then the projection P+

h in (3.1) is well defined. Moreover,183

if q − P+
h q has the following expression in each element I j184

q − P+
h q

∣∣
I j

=
k∑

m=0

q̄ j,m L j,m +
∞∑

m=k+1

q j,m L j,m, (3.3)185

then there holds the following results:186
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(1) The coefficients q̄ j,m satisfies187

|q̄ j,m | ≤ Ch2k+1−m‖u‖k+2,∞, m ∈ Zk . (3.4)188

(2) The cell average of the projection error q −P+
h q in each element I j is superconvergent189

with an order of 2k + 1, i.e.,190

∣∣∣ 1

h j

∫

I j

(q − P+
h q)(x)dx

∣∣∣ ≤ Ch2k+1‖u‖k+2,∞.191

Especially, when f ′(u) ≥ 0, namely ˜(u − P−
h u)

j− 1
2

= (u − P−
h u)−

j− 1
2

= 0, we have the192

following supercloseness results.193

(3) P+
h q is superclose to the Gauss–Radau projection P+

h q, i.e.,194

‖P+
h q − P+

h q‖∞ ≤ Chk+2‖u‖k+2,∞. (3.5)195

(4) The function value approximation of P+
h q is superconvergent at left Radau points196

ℓ j,m , m ∈ Z+
k (zeros of left Radau polynomial L j,m+1 + L j,m), and the derivative value197

approximation is superconvergent at the interior right Radau points r j,m, m ∈ Z+
k (zeros of198

right Radau polynomial L j,m+1 − L j,m , except the point x = x j+ 1
2
), namely199

∣∣(q − P+
h q)(ℓ j,m)

∣∣ ≤ Chk+2‖q‖k+2,∞, (3.6a)200

∣∣∂x (q − P+
h q)(r j,m)

∣∣ ≤ Chk+1‖q‖k+2,∞. (3.6b)201

The constant C is independent of h.202

Proof (1) Since P+
h q ∈ V k

h , we express in each element I j203

P+
h q|I j

=
k∑

m=0

b j,m L j,m, (3.7)204

where b j,m are coefficients to be determined later. Using the orthogonality of Legendre205

polynomials, (3.1a), and (2.6a), we obtain, for ∀m ∈ Zk−1206

q̄ j,m = 2m + 1

h j

∫

I j

(q − P+
h q)L j,m dx207

= 2m + 1√
bh j

∫

I j

f ′(u)(u − P−
h u)L j,m dx208

= 2m + 1√
bh j

∫

I j

(
f ′(u) − Ik−1−m f ′(u)

)
(u − P−

h u)L j,m dx .209

Here and below, Imw ∈ Pm(I j ) represents an interpolation of w. By the Bramble–Hilbert210

lemma,211

‖ f ′(u) − Ik−1−m f ′(u)‖∞,I j
≤ Chk−m‖∂k−m

x f ′(u)‖∞ ≤ Chk−m,212

which yields213

|q̄ j,m | ≤ Chk−m‖u − P−
h u‖∞,I j

≤ Ch2k+1−m‖u‖k+1,∞, m ∈ Zk−1. (3.8)214
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Next, let us consider the estimate to q̄ j,k . On the one hand, by (3.7), using the definition215

of P+
h in (3.1b) and the fact that (−1)2m = 1 (∀m ∈ Zk−1), we get216

b j,k = (−1)kq(x+
j− 1

2

) −
k−1∑

m=0

(−1)k−mb j,m − Φ,217

where218

Φ = (−1)k 1√
b

f ′(u) ˜(u − P−
h u)

j− 1
2
.219

On the other hand, it follows from q j,k = −(−1)k(−1)k+1q j,k and the expression for ←−
q j,k220

in (2.7c) that221

q̄ j,k = q j,k − b j,k = q j,k + (−1)k+1q(x+
j− 1

2

) +
k−1∑

m=0

(−1)k−mb j,m + Φ222

= (−1)k+1
(

q(x+
j− 1

2

) −
k∑

m=0

(−1)mq j,m +
k−1∑

m=0

(−1)m q̄ j,m

)
+ Φ223

= ←−
q j,k +

k−1∑

m=0

(−1)k−m+1q̄ j,m + Φ, (3.9)224

where we have also used the relation b j,m = q j,m − q̄ j,m, m ∈ Zk−1. Moreover,225

|Φ| ≤ ‖u − P−
h u‖∞ ≤ Chk+1‖u‖k+1,∞.226

Consequently,227

|q̄ j,k | ≤ |←−q j,k | +
k−1∑

m=0

|q̄ j,m | + |Φ| ≤ Chk+1‖u‖k+2,∞.228

This completes the proof of (3.4).229

(2) Using (3.3) and (3.4) in combination with the orthogonality property of Legendre230

polynomials, we have231

∣∣∣ 1

h j

∫

I j

(q − P+
h q)dx

∣∣∣ = 1

h j

∣∣∣
∫

I j

q̄ j,0 dx

∣∣∣ ≤ |q̄ j,0| ≤ Ch2k+1‖u‖k+2,∞.232

(3) When f ′(u) ≥ 0, namely ˜(u − P−
h u)

j− 1
2

= 0, then Φ = 0, and we can express P+
h q233

in terms of the orthogonal basis L j,m (m ∈ Zk) as234

P+
h q =

k∑

m=0

q j,m L j,m − ←−
q j,k L j,k235

with ←−
q j,k defined in (2.7c). This, together with (3.7) and (3.9), leads to236

P+
h q − P+

h q =
k−1∑

m=0

(q j,m − b j,m)L j,m +
(
q̄ j,k − ←−

q j,k

)
L j,k,237

=
k−1∑

m=0

q̄ j,m L j,m +
k−1∑

m=0

(−1)k−m+1q̄ j,m L j,k,238
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where we have used the fact that q j,m − b j,m = q̄ j,m , m ∈ Zk . Then, by (3.4)239

‖P+
h q − P+

h q‖∞,I j
≤

k−1∑

m=0

|q̄ j,m | ≤ Chk+2‖u‖k+2,∞, ∀ j ∈ ZN .240

This finishes the proof of (3.5).241

(4) The inverse inequality ‖∂x (P+
h q − P+

h q)‖∞,I j
≤ Chk+1‖u‖k+2,∞ together with the242

superconvergence results for P+
h in [7], namely243

∣∣(q − P+
h q)(ℓ j,m)

∣∣ ≤ Chk+2‖q‖k+2,∞,
∣∣∂x (q − P+

h q)(r j,m)
∣∣ ≤ Chk+1‖q‖k+2,∞244

gives us the desired results (3.6). This completes the proof of Lemma 3.1. ⊓⊔245

3.2 Correction Functions246

In order to construct the interpolation functions (uℓ
I , qℓ

I ), let us begin by defining a series of247

functions wu,i , wq,i ∈ V k
h , i ∈ Z+

k as follows248

(
√

bwu,i − h̄ j D−1
x wq,i−1, v) j = 0,

(
w−

u,i

)
j+ 1

2
= 0, (3.10a)249

(
√

bwq,i − f ′(u)wu,i − h̄ j D−1
x ∂twu,i−1, v) j = 0, (w+

q,i ) j− 1
2

= 1√
b

(
f ′(u)w̃u,i

)
j− 1

2
,

(3.10b)

250

where v ∈ Pk−1(I j ), and251

wu,0 = u − P−
h u, wq,0 = q − P+

h q.252

Further, for any positive integer ℓ ∈ Z+
k , we define in each element I j the correction253

functions254

W ℓ
u =

ℓ∑

i=1

wu,i , W ℓ
q =

ℓ∑

i=1

wq,i , (3.11)255

and the special interpolation functions are256

uℓ
I = P−

h u − W ℓ
u , qℓ

I = P+
h q − W ℓ

q . (3.12)257

The components wu,i , wq,i in correction functions have the following property.258

Lemma 3.2 The functions wu,i , wq,i , i ∈ Z+
k defined in (3.10) are uniquely determined.259

Moreover, suppose that f ′(u) is a sufficiently smooth function satisfying260

|∂k+1
x f ′(u)| ≤ C, |∂k+1

t f ′(u)| ≤ C,261

and the functions wu,i and wq,i in each element I j are expressed by262

wu,i |I j
=

k∑

m=0

βi,m L j,m, wq,i |I j
=

k∑

m=0

γi,m L j,m .263

Then, the coefficients βi,m and γi,m satisfy264

|∂n
t βi,m | ≤ Chmax{k+1+i, 2k+1−m}‖∂n

t u‖k+i+1,∞, n = 0, 1, (3.13a)265

|∂n
t γi,m | ≤ Chmax{k+1+i, 2k+1−m}‖∂n

t u‖k+i+2,∞, n = 0, 1. (3.13b)266
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As a consequence,267

‖∂twu,i‖∞ + ‖wq,i‖∞ ≤ Chk+i+1‖u‖k+i+3,∞, (3.14a)268

‖W ℓ
u ‖∞ + ‖W ℓ

q ‖∞ ≤ Chk+2‖u‖k+ℓ+3,∞. (3.14b)269

Proof We prove this lemma by induction, consisting of the following two steps. Since the270

case with n = 1 is quite similar to that with n = 0, we mainly consider the case with n = 0.271

Step 1: When i = 1, taking v = L j,m, m ∈ Zk−1 in (3.10a) and using the orthogonality272

property of Legendre polynomials, we get273

(
√

bwu,1 − h̄ j D−1
x wq,0, v) j =

(
√

b

k∑

m=0

β1,m L j,m − h̄ j

k∑

m=0

q̄ j,m D−1
x L j,m, v

)

j

= 0,274

where q̄ j,m are the coefficients defined in (3.3). Using the relation (2.9) and the orthogonality275

property of Legendre polynomials again, we arrive at276

√
bβ1,0 = − q̄ j,1

3
h̄ j ,277

√
bβ1,m = q̄ j,m−1

2m − 1
h̄ j − q̄ j,m+1

2m + 3
h̄ j , m ∈ Z+

k−1.278

Using (3.8), we have279

|β1,0| ≤ h|q̄ j,1| ≤ Ch2k+1‖u‖k+1,∞,280

|β1,m | ≤ h(|q̄ j,m−1| + |q̄ j,m+1|) ≤ Ch2k+1−m‖u‖k+1,∞, m ∈ Z+
k−1.281

Using the fact that
(
w−

u,1

)
j+ 1

2
= 0, we obtain282

|β1,k | = |
k−1∑

m=0

β1,m | ≤
k−1∑

m=0

|β1,m | ≤ Chk+2‖u‖k+2,∞.283

Analogously, taking v = L j,m, m ∈ Zk−1 in (3.10b) and using (2.7a) as well as (2.9), we284

get285

√
bγ1,m = 2m + 1

h j

(
f ′(u)wu,1, L j,m

)
j
, m ∈ Zk−2,286

√
bγ1,k−1 = 2k − 1

h j

(
f ′(u)wu,1, L j,k−1

)
j
− h̄ j∂t

−→
u j,k

2k + 1
.287
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Specifically, when m ∈ Zk−2, we have288

∣∣√bγ1,m

∣∣ =
∣∣∣2m + 1

h j

k∑

ν=0,ν �=m

(
f ′(u)β1,ν L j,ν, L j,m

)
j
+ 2m + 1

h j

(
f ′(u)β1,m L j,m, L j,m

)
j

∣∣∣289

=
∣∣∣2m + 1

h j

k∑

ν=0,ν �=m

((
f ′(u) − I|ν−m|−1 f ′(u)

)
β1,ν L j,ν, L j,m

)
j

290

+ 2m + 1

h j

(
f ′(u)β1,m L j,m, L j,m

)
j

∣∣∣291

≤
∣∣∣2m + 1

h j

k∑

ν=0,ν �=m

((
f ′(u) − I|ν−m|−1 f ′(u)

)
β1,ν L j,ν, L j,m

)
j

∣∣∣ + C |β1,m |292

≤
k∑

ν=0,ν �=m

Ch|ν−m|∣∣β1,ν

∣∣ + C |β1,m |,293

where in the second step we have used the orthogonality property of Legendre polynomials,294

in the third step we have employed Hölder’s inequality and in the last step we have used the295

following interpolation error estimate296

‖ f ′(u) − I|ν−m|−1 f ′(u)‖∞ ≤ Ch|ν−m|‖∂ |ν−m|
x f ′(u)‖∞ ≤ Ch|ν−m|.297

It is easy to see that no matter ν > m or ν < m, the following formula is valid298

∣∣γ1,m

∣∣ ≤ Ch2k+1−m‖u‖k+2,∞, m ∈ Zk−2.299

By the same arguments, we can obtain300

∣∣γ1,k−1

∣∣ ≤
k∑

ν=0,ν �=k−1

Ch|ν−(k−1)|∣∣β1,ν

∣∣ + C |β1,k−1| + h j

∣∣∂t
−→
u j,k

∣∣ ≤ Chk+2‖u‖k+3,∞,301

since ‖∂t u‖k+1,∞ = ‖ f ′(u)∂x u − ∂2
x u‖k+1,∞ ≤ C‖u‖k+3,∞. It remains to bound γ1,k . We302

use (w+
q,1) j− 1

2
= 1√

b

(
f ′(u)w̃u,1

)
j− 1

2
in (3.10b) to obtain303

|γ1,k | ≤
k−1∑

m=0

|γ1,m | +
k∑

m=0

C |β1,m | ≤ Chk+2‖u‖k+3,∞.304

Therefore, (3.13) is valid for i = 1.305

Step 2: Suppose that (3.13) holds for i, 1 ≤ i ≤ k − 1, and we need to prove that it is also306

valid for i + 1.307

We choose v = L j,m, m ∈ Zk−1 in (3.10a) to obtain308

√
bβi+1,0 = − h̄ j

3
γi,1,309

√
bβi+1,m = h̄ jγi,m−1

2m − 1
− h̄ jγi,m+1

2m + 3
, m ∈ Z+

k−1.310

It is easy to deduce that311

|βi+1,0| ≤ h|γi,1| ≤ Ch2k+1‖u‖k+i+2,∞,312

|βi+1,m | ≤ h
(
|γi,m−1| + |γi,m+1|

)
≤ Chmax{k+2+i,2k+1−m}‖u‖k+i+2,∞, m ∈ Z+

k−1.313
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Using the fact that (w−
u,i+1) j+ 1

2
= 0, we get314

|βi+1,k | = |
k−1∑

m=0

βi+1,m | ≤
k−1∑

m=0

|βi+1,m | ≤ Chk+2+i‖u‖k+i+2,∞.315

Analogously, taking v = L j,m, m ∈ Zk−1 in (3.10b), we have316

√
bγi+1,0 = 1

h j

(
f ′(u)wu,i+1, L j,0

)
j
− h̄ j

3
∂tβi,1,317

√
bγi+1,m = 2m + 1

h j

(
f ′(u)wu,i+1, L j,m

)
j
+ h̄ j∂tβi,m−1

2m − 1
− h̄ j∂tβi,m+1

2m + 3
, m ∈ Z+

k−1.318

In particular, when m ∈ Zk−1, we have319

∣∣∣2m + 1

h j

(
f ′(u)wu,i+1, L j,m

)
j

∣∣∣320

=
∣∣∣2m + 1

h j

k∑

ν=0,ν �=m

(
f ′(u)βi+1,ν L j,ν, L j,m

)
j
+ 2m + 1

h j

(
f ′(u)βi+1,m L j,m, L j,m

)
j

∣∣∣321

≤
∣∣∣2m + 1

h j

k∑

ν=0,ν �=m

((
f ′(u) − I|ν−m|−1 f ′(u)

)
βi+1,ν L j,ν, L j,m

)
j

∣∣∣ + C |βi+1,m |322

≤
k∑

ν=0,ν �=m

Ch|ν−m|∣∣βi+1,ν

∣∣ + C |βi+1,m |323

≤ Chmax{k+2+i,2k+1−m}‖u‖k+i+2,∞.324

Consequently,325

|γi+1,0| ≤ Ch2k+1‖u‖k+i+2,∞ + h|∂tβi,1| ≤ Ch2k+1‖u‖k+i+3,∞,326

|γi+1,m | ≤ Chmax{k+2+i,2k+1−m}‖u‖k+i+2,∞ + h
(
|∂tβi,m−1| + |∂tβi,m+1|

)
327

≤ Chmax{k+2+i,2k+1−m}‖u‖k+i+3,∞, m ∈ Z+
k−1.328

In addition, it follows from (3.10b) that329

∣∣γi+1,k

∣∣ ≤
k−1∑

m=0

∣∣γi+1,m

∣∣ +
k∑

m=0

C |βi+1,m | ≤ Chk+2+i‖u‖k+i+3,∞.330

Therefore (3.13) holds for i + 1 and this finishes the proof of Lemma 3.2. ⊓⊔331

3.3 The Superconvergent Bound for the Projection Errors332

To clearly see how to cancel terms involving projection errors with the goal of obtaining333

superconvergence, we split the error eu, eq into two parts:334

eu = u − uh = u − uℓ
I + uℓ

I − uh � ηu + ξu,335

eq = q − qh = q − qℓ
I + qℓ

I − qh � ηq + ξq .336

Here uℓ
I and qℓ

I are the two special interpolation functions of u and q given in (3.12).337
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Lemma 3.3 Suppose that u ∈ W k+ℓ+3,∞, ℓ ∈ Z+
k is the exact solution of (1.1), and uℓ

I , qℓ
I338

are the interpolation functions defined by (3.12), then for ∀v, ϕ ∈ V k
h , we have339

∣∣((ηu)t , v) j + H j

(
f ′(u)ηu, v; f ′(u)̃ηu

)
−

√
bH j

(
ηq , v; η+

q

)∣∣ ≤ Chk+ℓ+1‖u‖k+ℓ+3,∞‖v‖1,I j
,340

∣∣(ηq , ϕ) j −
√

bH j

(
ηu, ϕ; η−

u

)∣∣ ≤ Chk+ℓ+1‖u‖k+ℓ+2,∞‖ϕ‖1,I j
.341

Proof Since ηu = u − P−
h u + W ℓ

u and ηq = q − P+
h q + W ℓ

q , using the identity (3.2), we get342

S � ((ηu)t , v) j + H j

(
f ′(u)ηu, v; f ′(u)̃ηu

)
−

√
bH j

(
ηq , v; η+

q

)
343

= ((ηu)t , v) j + H j

(
f ′(u)W ℓ

u , v; f ′(u)W̃ ℓ
u

)
−

√
bH j

(
W ℓ

q , v; (W ℓ
q )

+)
,344

which, by the definition of the DG spatial operator in (2.4) and the boundary collocation for345

correction functions in (3.10b), is346

S = ((wu,0 + W ℓ
u )t , v) j + (

√
bW ℓ

q − f ′(u)W ℓ
u , vx ) j .347

Let us now work on (∂twu,i , v) j for i ∈ Zℓ−1, which consists of the first term in S except348

(∂twu,ℓ, v) j . It follows from (2.8) and integration by parts that349

(∂twu,i , v) j =
(
h̄ j (D−1

x ∂twu,i )x , v
)

j
350

= −(h̄ j D−1
x ∂twu,i , vx ) j + h̄ j D−1

x ∂twu,i (x−
j+ 1

2

)v(x−
j+ 1

2

)351

− h̄ j D−1
x ∂twu,i (x+

j− 1
2

)v(x+
j− 1

2

). (3.15)352

Consequently, substituting the relation (3.10b) regarding the integral terms and the following353

boundary values implied by the definition of the integral operator D−1
x into (3.15)354

h̄ j D−1
x ∂twu,i (x−

j+ 1
2

) =
∫

I j

k∑

m=0

∂tβi,m L j,m dx = h j∂tβi,0,355

h̄ j D−1
x ∂twu,i (x+

j− 1
2

) = 0,356

we obtain357

S = (∂twu,ℓ, v) j +
ℓ−1∑

i=0

h j∂tβi,0v(x−
j+ 1

2

) ≤ Chk+ℓ+1‖u‖k+ℓ+3,∞‖v‖1,I j
,358

where β0,0 = 0 due to (2.7a), and we have also used ‖∂twu,ℓ‖∞ ≤ Chk+ℓ+1‖u‖k+ℓ+3,∞359

in (3.14a), the inverse property ‖v‖∞, j ≤ Ch−1
j ‖v‖1,I j

and the fact that |∂tβi,0| ≤360

Ch2k+1‖u‖k+ℓ+3,∞ for i ∈ Z+
ℓ−1 in (3.13a).361

Analogously, there holds362

|(ηq , ϕ) j −
√

bH j

(
ηu, ϕ; η−

u

)
| =

∣∣∣∣∣

ℓ−1∑

i=0

h jγi,0ϕ(x−
j+ 1

2

) + (wq,ℓ, ϕ) j

∣∣∣∣∣363

≤ Chk+ℓ+1‖u‖k+ℓ+2,∞‖ϕ‖1,I j
,364

where γ0,0 = q̄ j,0 ≤ Ch2k+1‖u‖k+2,∞ owing to (3.4). This completes the proof of365

Lemma 3.3. ⊓⊔366
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Remark 3.1 In contrast to the linear parabolic equations [6], wu,i and wq,i (i ∈ Zk−1) defined367

for nonlinear convection-diffusion equations in this paper are no longer orthogonal to L j,0(x).368

Thus, the boundary terms containing βi,0 or γi,0 will be generated. Fortunately, as shown369

in the proof of Lemma 3.3, these boundary terms are of high order and will not affect our370

superconvergence results.371

Remark 3.2 If we choose the numerical fluxes (2.2b), we can define the following modified372

projection373

Π̊(u, q) = (P+
h u, P̊−

h q),374

in which P+
h u ∈ V k

h has been given in (2.6b), and P̊−
h q ∈ V k

h depends on both u and q such375

that376

∫

I j

(q − P̊−
h q)vh dx − 1√

b

∫

I j

f ′(u)(u − P+
h u)vh dx = 0, ∀vh ∈ Pk−1(I j ),377

P̊−
h q(x−

j+ 1
2

) = q(x−
j+ 1

2

) − 1√
b

f ′(u) ˜(u − P+
h u)

j+ 1
2
, ∀ j ∈ Z+

N .378

We can see that P̊−
h is a generalized version of the local Gauss–Radau projection P−

h . For379

this case, the correction functions wu,i , wq,i are380

(
√

bwu,i − h̄ j D−1
x wq,i−1, v) j = 0,

(
w+

u,i

)
j− 1

2
= 0,381

(
√

bwq,i − f ′(u)wu,i − h̄ j D−1
x ∂twu,i−1, v) j = 0, (w−

q,i ) j+ 1
2

= 1√
b

(
f ′(u)w̃u,i

)
j+ 1

2
,382

where v ∈ Pk−1(I j ), and383

wu,0 = u − P+
h u, wq,0 = q − P̊−

h q.384

By similar arguments as those used for fluxes (2.2a), we conclude that the results in385

Lemma 3.1–Lemma 3.3 are still valid for the fluxes (2.2b).386

4 Superconvergence387

In this section, we will prove the superconvergence properties for the LDG solution regarding388

cell averages and Radau points. To this end, let us first show a supercloseness result for389

‖uℓ
I − uh‖.390

4.1 Supercloseness391

To deal with the nonlinearity of the flux function f (u), we should make an a priori assumption392

that for small enough h there holds393

‖P−
h u − uh‖ ≤ h2. (4.1)394

Note that this a priori assumption doesn’t make sense when k = 0. Therefore, all the following395

theorems only hold for k ≥ 1.396
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Theorem 4.1 Let u ∈ W k+ℓ+3,∞, ℓ ∈ Z+
k (k ≥ 1) be the exact solution of the problem (1.1),397

and uh, qh are the numerical solutions of LDG scheme (2.1) satisfying (4.1). For periodic398

boundary conditions, if the initial discretization is chosen such that uh(·, 0) = uℓ
I (·, 0), then399

‖uℓ
I − uh‖ +

( ∫ t

0

‖qℓ
I − qh‖2dτ

) 1
2 ≤ Chk+ℓ+1, (4.2)400

where C depends on t and ‖u‖k+ℓ+3,∞.401

Proof Choosing v = ξu, ϕ = ξq in the cell error equation (2.5), and summing up them over402

all cells, we obtain403

1

2

d

dt
‖ξu‖2 + ‖ξq‖2 =

(
− (ηu)t , ξu

)
− (ηq , ξq) − H

(
f (u) − f (uh), ξu; f (u) − f̃ (uh)

)
404

+
N∑

j=1

(
f̃ (uh) − f̂ (uh)

)
[[ξu]]

∣∣
j+ 1

2
+

√
bH

(
ηq , ξu; η+

q

)
405

+
√

bH
(
ηu, ξq ; η−

u

)
406

+
√

bH
(
ξq , ξu; ξ+

q

)
+

√
bH

(
ξu, ξq ; ξ−

u

)
, (4.3)407

where, for the nonlinear boundary terms, we have added and subtracted the “reference”408

function f̃ (uh) defined by (2.3) in f (u)− f̂ (uh). By using the second order Taylor expansion409

with respect to the variable u, we write out the nonlinear terms as follows410

f (u) − f (uh) = f ′(u)ξu + f ′(u)ηu − 1

2
f̄ ′′
u (ξu + ηu)2, (4.4a)411

f (u) − f̃ (uh) = f ′(u)ξ̃u + f ′(u)η̃u − 1

2
¯̄f ′′
u (ξ̃u + η̃u)2, (4.4b)412

where f̄ ′′
u and ¯̄f ′′

u are the mean values, which can be given in the integral form of the remainder.413

Substituting (4.4) into (4.3), and using Lemma 3.3 in combination with the following skew-414

symmetry property415

H(ξq , ξu; ξ+
q ) + H(ξu, ξq ; ξ−

u ) = 0,416

we get417

1

2

d

dt
‖ξu‖2 + ‖ξq‖2 ≤ Chk+ℓ+1(‖ξu‖ + ‖ξq‖) + Λ + Θ + Ψ , (4.5)418

where419

Λ = −H
(

f ′(u)ξu, ξu; f ′(u)ξ̃u

)
,420

Θ = 1

2
H

(
f̄ ′′(u)e2

u, ξu; f̄ ′′(u)ẽ2
u

)
,421

Ψ =
N∑

j=1

(
f̃ (uh) − f̂ (uh)

)
[[ξu]]

∣∣
j+ 1

2
422

will be estimated separately.423
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A simple integration by parts gives us the estimate for Λ; it reads,424

Λ = −1

2

N∑

j=1

∫

I j

∂x f ′(u)ξ2
u dx +

N∑

j=1

(
f ′(u)(ξ̃u − {{ξu}})[[ξu]]

)
j+ 1

2
425

≤ C‖ξu‖2 − 1

2

N∑

j=1

(
| f ′(u)|[[ξu]]2

)
j+ 1

2
426

≤ C‖ξu‖2. (4.6a)427

To deal with the high order term Θ , let us first show a “rough” bound of order k + 1 for428

‖ξ‖∞. It is easy to show that429

|Θ| ≤ Ch−1‖eu‖∞‖eu‖‖ξu‖ + C‖eu‖∞
(
‖ξu‖Γh

+ ‖ηu‖Γh

)
‖ξu‖Γh

430

≤ Chk‖eu‖∞‖ξu‖ + Ch−1‖eu‖∞‖ξu‖2 (4.6b)431

≤ (Ch−1‖eu‖∞ + Ch−3‖eu‖2
∞)‖ξu‖2 + Ch2k+3, (4.6c)432

where in the last step we have rewritten hk‖eu‖∞‖ξu‖ = h− 3
2 ‖e‖∞‖ξu‖hk+ 3

2 followed433

by the application of Young’s inequality. For Ψ , using the Taylor expansion of f , the434

Cauchy–Schwarz inequality and the inverse inequality, we have the following estimate; see435

[4, Theorem 4.3]436

|Ψ | ≤ Ch−2‖eu‖2
∞‖ηu‖2

∞ + C(1 + h−1‖eu‖∞)‖ξu‖2. (4.6d)437

By the a priori error assumption (4.1), we have438

‖eu‖∞ ≤ ‖u − P−
h u‖∞ + ‖P−

h u − uh‖∞ ≤ Ch
3
2 . (4.6e)439

Inserting the estimates (4.6a), (4.6c)–(4.6e) into (4.5), using Young’s inequality and the440

Gronwall inequality, one has441

‖ξu‖ ≤ Chk+ 3
2 .442

Remark that the above estimate for ‖ξu‖ is sufficient to verify the a priori error assumption443

(4.1) with k ≥ 1; see, e.g., [22,24]. Then, we arrive at the following error estimate of order444

k + 1 for ‖ξu‖∞ and thus ‖eu‖∞.445

‖eu‖∞ ≤ ‖ηu‖∞ + h− 1
2 ‖ξu‖ ≤ Chk+1. (4.7)446

We are now ready to prove the supercloseness result in (4.2). Substituting (4.7) into (4.6b),447

(4.6d) and (4.5), and taking into account (4.6a), we obtain, after using Young’s inequality448

1

2

d

dt
‖ξu‖2 + ‖ξq‖2 ≤ Chk+ℓ+1(‖ξu‖ + ‖ξq‖) + ‖ξu‖2 + Ch4k+2.449

Choosing uh(·, 0) = uℓ
I (·, 0) and using Gronwall inequality, we have450

‖ξu‖ +
( ∫ t

0

‖ξq‖2 dτ
) 1

2 ≤ Chk+ℓ+1.451

This finishes the proof of Theorem 4.1. ⊓⊔452
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4.2 Superconvergence453

To derive superconvergence properties for the derivative approximation at Radau points, the454

following Lemma is needed.455

Lemma 4.1 [2] Let qh, uh ∈ V k
h satisfy456

(qh, ϕ) j = H j

(
uh, ϕ; ûh

)
, ∀ϕ ∈ V k

h .457

Then there holds for ûh = u−
h458

∂x uh(ℓ j,m) = qh(ℓ j,m), ( j, m) ∈ ZN × Zk,459

and for ûh = u+
h460

∂x uh(r j,m) = qh(r j,m), ( j, m) ∈ ZN × Zk .461

Due to the supercloseness result between uℓ
I and uh in Theorem 4.1, taking ℓ ≤ k in the462

correction functions, we have the following superconvergence results for the LDG solution463

uh .464

Theorem 4.2 Assume that u ∈ W 2k+3,∞(Ω), k ≥ 1 is the solution of (1.1), and uh, qh are465

the numerical solutions of the LDG scheme (1.1) when the alternating fluxes (2.2a) are used466

with the initial solution uh(·, 0) = uk
I (·, 0). Then for periodic boundary conditions, we have467

the following superconvergence results468

(1) Superconvergence of the numerical fluxes469

‖eun‖ =
( 1

N

N∑

j=1

∣∣(u − ûh)(x j+ 1
2
, t)

∣∣2
) 1

2 ≤ Ch2k+1.470

(2) Superconvergence for the cell averages471

‖eu‖c =
( 1

N

N∑

j=1

∣∣ 1

h j

∫

I j

(u − uh)(x, t)dx
∣∣2

) 1
2 ≤ Ch2k+1.472

(3) When ℓ ≥ 2, the function value approximation of the LDG solution is (k + 2)th473

order superconvergent at right Radau points r j,m , and the derivative value approximation is474

(k + 1)th order superconvergence at interior left Radau points (except the point x = x j− 1
2
),475

i.e.,476

‖eur‖ = max
j∈ZN

|(u − uh)(r j,m)| ≤ Chk+2,477

‖euℓ‖ = max
j∈ZN

|∂x (u − uh)(ℓ j,m)| ≤ Chk+1.478

It is worth pointing out that, when the direction of the flow doesn’t change, the order of ‖euℓ‖479

can also be k + 2.480

(4) The numerical solution uh is superconvergent with order k + 2 towards the Gauss–481

Radau projection P−
h u of the exact solution, namely,482

‖uh − P−
h u‖ ≤ Chk+2.483

The constant C is independent of h.484
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Proof (1) It follows from the exact collocation of P−
h in (2.6a) as well as (w−

u,i ) j+ 1
2

= 0 in485

(3.10a), the inverse inequality and the supercloseness result in Theorem 4.1 that486

‖eun‖ =
( 1

N

N∑

j=1

∣∣( ̂uk
I − uh)(x j+ 1

2
, t)

∣∣2
) 1

2
487

≤
( 1

N

N∑

j=1

Ch−1
j ‖uk

I − uh‖I j

) 1
2

488

≤ C‖uk
I − uh‖ ≤ Ch2k+1. (4.8)489

(2) By the orthogonality property of P−
h in (2.6a) and the definition of uk

I , we obtain490

(eu, 1) j = (uk
I − uh, 1) j + (W k

u , 1) j .491

Then, by a direct calculation and taking into account (3.13a) with m = 0 due to the orthog-492

onality property of Legendre polynomials, we get493

‖eu‖c ≤ ‖uk
I − uh‖ + Ch2k+1‖u‖2k+3,∞ ≤ Ch2k+1.494

(3) If we take ℓ ≥ 2 in Theorem 4.1, and use the inverse inequality, we obtain495

‖ξu‖∞ ≤ Chk+ 5
2 .496

By the triangle inequality,497

|(u − uh)(r j,m)| ≤ |(u − P−
h u)(r j,m)| + ‖ξu‖∞ + ‖W ℓ

u ‖∞498

≤ Chk+2,499

where we have also used |(u − P−
h u)(r j,m)| ≤ Chk+2 due to the standard approximation500

theory. The result of the other equation for the derivative approximations can be obtained by501

the same arguments.502

Moreover, if the direction of the flow doesn’t change, combining Lemma 3.1, Lemma 3.2503

and Lemma 4.1 we have504

|∂x (u − uh)(ℓ j,m)| = |(q − qh)(ℓ j,m)| ≤ Chk+2.505

(4) Using the triangle inequality,506

‖uh − P−
h u‖ ≤ ‖P−

h u − W k
u − uh‖ + ‖W k

u ‖ ≤ Chk+2.507

This finishes the proof of Theorem 4.2. ⊓⊔508

Remark 4.1 From the construction of the special projection in (3.1), we can see that the509

conclusion is only valid for b = O(1). For convection dominated problems with small510

diffusion coefficient b ≪ 1, the exact solution often exists a boundary layer near the outflow511

boundary. When the direction of the flow doesn’t change, we can observe superconvergence512

property similar to the nonlinear hyperbolic equations [4] out of the local subdomain with513

pollution width of O(hlnN ).514

Remark 4.2 For the strongly anisotropic problems when b is very large, the theoretical results515

are still valid, since Φ = (−1)k 1√
b

f ′(u) ˜(u − P−
h u)

j− 1
2

has an additional order 1√
b

. However,516

this case requires a smaller time step when explicit time discretization methods are used.517
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Remark 4.3 For high dimensions, we need to introduce more auxiliary variables, such as518

p = ux , q = u y for the two-dimensional case. Unfortunately, it is difficult to construct an519

interpolation function to deal with p = ux and q = u y simultaneously. The main technical520

difficulty is that the conditions they need to satisfy are interactive restricted in the process of521

constructing interpolation functions.522

4.3 The Initial Discretization523

In this section, we consider how to discretize the initial datum. Initial value discretization524

is very important for the study of superconvergence, which can be obtained using the same525

technique as that in [2]. Specifically, for periodic boundary conditions,526

1. according to the definition of projection P−
h , P+

h , calculate the wu,0, wq,0;527

2. calculate wu,i , wq,i by the equations (3.10);528

3. calculate W ℓ
u =

ℓ∑
i=1

wu,i , uℓ
I = P−

h u − W ℓ
u ;529

4. let uh(·, 0) = uℓ
I (·, 0).530

5 Extensions531

5.1 Generalized Alternating Numerical Fluxes532

In this section, we extend the superconvergence results to generalized alternating numerical533

fluxes. To be more specific, the numerical fluxes can be in the following form534

v̂ j+ 1
2

= v
(θ)

j+ 1
2

= θv−
j+ 1

2

+ θ̃v+
j+ 1

2

, θ̃ = 1 − θ.535

When the numerical fluxes (u
(θ)
h , q

(θ̃)
h ) are used, we introduce a modified projection536

Π̃(u, q) = (Pθ u, Pθ̃q) satisfying537

∫

I j

(Pθ u − u)vh dx = 0, ∀vh ∈ Pk−1(I j ),538

(
Pθ u

)(θ)

j+ 1
2

= u
(θ)

j+ 1
2

, ∀ j ∈ Z+
N ,539

and Pθ̃q ∈ V k
h depends on both u and q such that540

∫

I j

(q − Pθ̃q)vh dx − 1√
b

∫

I j

f ′(u)(u − Pθ u)vh dx = 0, ∀vh ∈ Pk−1(I j ),541

(Pθ̃q)
(θ̃ )

j+ 1
2

= q
(θ̃)

j+ 1
2

− 1√
b

f ′(u j+ 1
2
) ˜(u − Pθ u) j+ 1

2
, ∀ j ∈ Z+

N .542

Similar to (3.2), the boundary terms of the projection errors for both convection and diffusion543

parts can be eliminated. For more properties of global projections; see, e.g., [11,21].544
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_####_ Page 20 of 30 Journal of Scientific Computing  _#####################_

Analogously, we define a series of functions wu,i , wq,i , i ∈ Z+
k as follows545

(
√

bwu,i − h̄ j D−1
x wq,i−1, vh) j = 0,

(
w

(θ)
u,i

)
j+ 1

2
= 0, (5.1a)546

(
√

bwq,i − wu,i − h̄ j D−1
x ∂twu,i−1, vh) j = 0,

(
w

(θ̃)
q,i

)
j+ 1

2
= 1√

b
f ′(u j+ 1

2
)(w̃u,i ) j+ 1

2
,

(5.1b)

547

where vh ∈ Pk−1(I j ), and548

wu,0 = u − Pθ u, wq,0 = q − Pθ̃q.549

Following the same argument as that in Sect. 3, we can obtain superconvergence results550

similar to Lemmas 3.1–3.3. The main difference is that we need to solve linear coupled551

systems involving the coefficients q̄ j,k, βi,k , and γi,k for j ∈ Z+
N .552

Next, let us present some preliminary results related to the superconvergence results based553

on generalized alternating numerical fluxes. The generalized Radau polynomials are defined554

as in [3]555

Rθ
k+1 =

{
Lk+1 − (2θ − 1)Lk, when k is even,

(2θ − 1)Lk+1 − Lk, when k is odd.
556

For any positive θ �= 1
2
, j ∈ Z+

N , if the following local projection Phu ∈ V k
h in [3] is557

introduced,558

∫

I j

(Phu − u)vdx = 0, ∀v ∈ Pk−1(I j ),559

θ Phu(x−
j+ 1

2

) + (1 − θ)Phu(x+
j− 1

2

) = θu(x−
j+ 1

2

) + (1 − θ)u(x+
j− 1

2

).560

Then the following superconvergence results hold.561

Lemma 5.1 [3] Suppose u ∈ W k+2,∞(Ω) and Phu is the local projection of u defined above562

with θ �= 1
2

, then563

|(u − Phu)(R j,m)| ≤ Chk+2,564

|∂x (u − Phu)(R⋆
j,m)| ≤ Chk+1,565

‖Phu − Pθ u‖∞ ≤ Chk+2.566

Here R j,m, R
⋆
j,m are the roots of Rθ

j,m+1 and ∂x Rθ
j,m+1, and C is independent of h.567

Following the same argument as what we did in Sect. 4, we obtain the superconvergence568

results based on generalized alternating numerical fluxes, whose detailed proofs are omitted569

to save space.570

Theorem 5.1 Assume that u ∈ W 2k+3,∞(Ω), k ≥ 1 is the solution of (1.1), and uh, qh are571

the numerical solutions of LDG scheme (1.1) when the numerical fluxes (u
(θ)
h , q

(θ̃ )
h ) are used572

with the initial solution uh(·, 0) = uk
I (·, 0). Then for periodic boundary conditions, we have573

the following superconvergence results574

1. Superconvergence of the numerical flux575

‖eun‖ =
( 1

N

N∑

j=1

∣∣(u − uh)(θ)(x j+ 1
2
, t)

∣∣2
) 1

2 ≤ Ch2k+1.576
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2. Superconvergence for the cell averages577

‖eu‖c =
( 1

N

N∑

j=1

∣∣ 1

h j

∫

I j

(u − uh)(x, t)dx
∣∣2

) 1
2 ≤ Ch2k+1.578

3. When ℓ ≥ 2, the function value approximation of the LDG solution is (k + 2)th579

order superconvergent at interior generalized Radau points R j,m , and the derivative value580

approximation is (k + 1)th order superconvergence at interior generalized derivative Radau581

points R
⋆
j,m , i.e.,582

‖eur‖ = max
j∈ZN

|(u − uh)(R j,m)| ≤ Chk+2,583

‖e⋆
ur‖ = max

j∈ZN

|∂x (u − uh)(R⋆
j,m)| ≤ Chk+1.584

4. The numerical solution uh is superconvergent with order k + 2 towards the global585

projection Pθ u of the exact solution, namely,586

‖uh − Pθ u‖ ≤ Chk+2.587

The constant C is independent of h.588

5.2 Mixed Boundary Conditions589

Consider the following mixed boundary conditions590

u(0, t) = g1(t), ux (2π, t) = g2(t). (5.2)591

For simplicity, we choose the numerical fluxes as592

(
f̂ (uh), ûh, q̂h

)
j+ 1

2
=

⎧
⎪⎪⎨
⎪⎪⎩

(
f (g1), g1, q+

h

)
1
2
, j = 0,

(
Godunov flux, u−

h , q+
h

)
j+ 1

2
, j = 1, . . . , N − 1,

(
f (u−

h ), u−
h , g2

)
N+ 1

2
, j = N .

(5.3)593

The projection P+
h defined in (3.1) is modified to P̃+

h determined by594

∫

I j

(q − P̃+
h q)vh dx − 1√

b

∫

I j

f ′(u)(u − P−
h u)vh dx = 0, ∀vh ∈ Pk−1(I j ),595

P̃+
h q(x+

j− 1
2

) = q(x+
j− 1

2

) − 1√
b

f ′(u) ˜(u − P−
h u)

j− 1
2
, ∀ j ∈ Z+

N \{1},596

P̃+
h q(x+

1
2

) = q(x+
1
2

),597

where w̃ has been defined in (2.3). Then we construct the following correction functions598

(wu,i − h̄ j D−1
x wq,i−1, z) j = 0,

(
w−

u,i

)
j+ 1

2
= 0, ∀ j ∈ Z+

N ,599

(wq,i − wu,i − h̄ j D−1
x ∂twu,i−1, z) j = 0,

(
w+

q,i

)
j− 1

2
= 1√

b
f ′(u)w̃u,i

∣∣
j− 1

2
, ∀ j ∈ Z+

N \{1},600

(
w+

q,i

)
1
2

= 0601

for ∀z ∈ Pk−1(I j ) . The superconvergence results can thus be obtained if we follow the same602

arguments as those in Sects. 3 and 4.603
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Remark 5.1 The novelty in designing a new projection is that the diffusion term is used to604

balance the convection term. Therefore, when constructingΠ(u, q) in Sect. 3.1, the projection605

P−
h dealing with convection term should be designed first, and then the projection P+

h . For606

the case of Dirichlet boundary conditions607

u(0, t) = g3(t), u(2π, t) = g4(t),608

it is difficult to modify the projection P+
h to eliminate the boundary term introduced by the609

auxiliary variable q . However, the superconvergence phenomenon can still be observed when610

we follow [13] and define the numerical fluxes as follows611

(
f̂ (uh), ûh, q̂h

)
j+ 1

2
=

⎧
⎪⎪⎨
⎪⎪⎩

(
f (g3), g3, q+

h

)
1
2
, j = 0,

(
Godunov flux, u−

h , q+
h

)
j+ 1

2
, j = 1, . . . , N − 1,

(
f (u−

h ) − κ(g4 − u−
h ), g4, q−

h

)
N+ 1

2
, j = N ,

(5.4)612

where κ = O(h−1) is a positive constant. See Table 8 for numerical results.613

5.3 Superconvergence for the Auxiliary Variable614

For the numerical flux in (2.2a), the superconvergence properties still hold for the auxiliary615

variable q , if the direction of the flow doesn’t change.616

Theorem 5.2 Assume that u ∈ W 2k+3,∞(Ω), k ≥ 1 is the solution of (1.1), and uh, qh are617

the numerical solutions of LDG scheme (1.1) when the alternating fluxes (2.2a) are used with618

the initial solution uh(·, 0) = uk
I (·, 0). Then for periodic boundary conditions, we have the619

following superconvergence results for the auxiliary variable qh .620

1. Superconvergence of the numerical flux621

( ∫ t

0

‖eqn‖2 dτ
) 1

2 ≤ Ch2k+1.622

2. Superconvergence for the cell averages623

( ∫ t

0

‖eq‖2
c dτ

) 1
2 ≤ Ch2k+1.624

3. When ℓ ≥ 2, the function value approximation of the LDG solution is (k + 2)th order625

superconvergent at left Radau points ℓ j,m , and the derivative value approximation is (k+1)th626

order superconvergence at the interior right Radau points, except the point x = x j+ 1
2
, i.e.,627

( ∫ t

0

‖eqℓ‖2 dτ
) 1

2 ≤ Chk+2,
( ∫ t

0

‖eqr‖2 dτ
) 1

2 ≤ Chk+1.628

4. The numerical solution qh is superconvergent with order k+2 towards the Gauss–Radau629

projection P+
h q of the exact solution, namely,630

( ∫ t

0

‖qh − P+
h q‖2 dτ

) 1
2 ≤ Chk+2.631

The norms aforementioned can be defined as the same way as in Theorem 4.2 and C is632

independent of h.633
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Table 1 CFL constants for different numerical examples

Table 2 Table 3 Table 4 Table 5 Table 6 Table 7 Table 8 Table 9

C F L1 0.02 0.02 0.02 0.02 0.005 0.0005 0.02 0.1

C F L2 0.01 0.005 0.01 0.005 0.003 0.0001 0.01 0.1

C F L3 0.002 0.002 0.005 0.002 0.001 – – –

Remark 5.2 In the superconvergence analysis, the correction functions (W ℓ
u , W ℓ

q ) we634

designed should satisfy the following properties635

(
W ℓ

u

)−
j+ 1

2
= 0,

(
W ℓ

q

)+
j− 1

2
= 0, j ∈ ZN ,636

which are needed to derive superconvergence of the numerical flux in (4.8). Therefore, it is637

easy to see that superconvergence of the auxiliary variable qh is no longer valid when the638

flow direction changes in (3.10b), or the generalized alternating numerical fluxes (5.1b) are639

used. The superconvergence can be observed numerically in the L∞([0, T ]; L2(Ω)) norm.640

6 Numerical Experiments641

In this section, we provide numerical examples to verify our theoretical results. For time642

discretization, we use the third order explicit total variation diminishing Runge–Kutta method643

and take ∆t = C F Lk ∗h2 for Pk(1 ≤ k ≤ 3) polynomials. In all examples, uniform meshes644

are considered and the parameters C F Lk are listed in Table 1.645

Example 6.1 We first consider the following problem with the direction of the flow not change646

ut + (eu)x − buxx = g(x, t), (x, t) ∈ [0, 2π] × (0, T ],647

u(x, 0) = sin(5x), x ∈ [0, 2π]648

with the periodic boundary condition. g(x, t) is suitably chosen such that the exact solution649

is650

u(x, t) = e−bt sin(5x + t).651

Table 2 lists results for u and q when b = 1.2, T = 1, from which we observe (2k + 1)th652

order superconvergence for the numerical trace as well as cell averages. In addition, for the653

prime variable uh , superconvergence of the function value approximation and the derivative654

approximation at Radau points both achieve (k + 2)th order. In Table 3, we present the655

L2 errors of ξu , ξq , P+
h q − qh and P−

h u − uh , which demonstrates that the LDG solution656

uh (qh) is superconvergent with order k+2 towards the Gauss–Radau projection P−
h u (P+

h q).657

Moreover, by correcting the local projection, the order of L2 error between numerical solution658

and interpolation function can reach 2k + 1.659

Example 6.2 In this example, we consider the following problem with the direction of the660

flow changes661

ut + (u2/2)x − buxx = g(x, t), (x, t) ∈ [0, 2π] × (0, T ],662

u(x, 0) = sin(3x), x ∈ [0, 2π]663
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Table 2 Errors and rates for Example 6.1 with b = 1.2, T = 1

N ‖eun‖ Rate ‖eu‖c Rate ‖eur ‖ Rate ‖euℓ‖ Rate

P1 40 2.54E-04 – 1.36E-03 – 1.62E-03 – 5.06E-03 –

80 3.17E-05 3.00 1.73E-04 2.97 2.17E-04 2.90 6.32E-04 3.00

160 3.97E-06 2.99 2.18E-05 2.99 2.78E-05 2.96 8.09E-05 2.97

320 4.97E-07 3.00 2.73E-06 3.00 3.51E-06 2.98 1.02E-05 2.99

P2 20 1.28E-04 – 1.47E-04 – 8.28E-04 – 3.57E-03 –

40 3.95E-06 5.01 4.51E-06 5.02 4.60E-05 4.17 2.20E-04 4.02

80 1.20E-07 5.03 1.38E-07 5.03 2.84E-06 4.02 1.49E-05 3.88

160 3.66E-09 5.04 4.24E-09 5.03 1.72E-07 4.04 9.50E-07 3.97

P3 30 1.04E-07 – 1.15E-07 – 4.37E-06 – 3.25E-05 –

40 1.32E-08 7.15 1.47E-08 7.15 1.01E-06 5.10 8.58E-06 4.62

50 2.74E-09 7.05 3.04E-09 7.05 3.46E-07 4.78 2.81E-06 4.99

60 7.56E-10 7.06 8.37E-10 7.06 1.40E-07 4.98 1.10E-06 5.13

N ‖eqn‖ Rate ‖eq‖c Rate ‖eqr ‖ Rate ‖eqℓ‖ Rate

P1 40 2.67E-04 – 1.38E-03 – 1.36E-01 – 5.54E-03 –

80 3.35E-05 2.99 1.77E-04 2.96 3.52E-02 1.96 6.92E-04 3.00

160 4.20E-06 2.99 2.23E-05 2.98 8.82E-03 1.99 8.86E-05 2.96

320 5.26E-07 3.00 2.80E-06 2.99 2.20E-03 2.00 1.11E-05 2.99

P2 20 1.26E-05 – 9.42E-05 – 1.02E-01 – 3.91E-03 –

40 4.70E-07 4.75 3.30E-06 4.83 1.25E-02 3.03 2.41E-04 4.02

80 1.48E-08 4.98 1.04E-07 4.98 1.65E-03 2.92 1.63E-05 3.88

160 4.63E-10 5.00 3.26E-09 5.00 2.07E-04 2.99 1.04E-06 3.97

P3 30 1.67E-08 – 6.61E-08 – 2.18E-03 – 3.56E-05 –

40 2.07E-09 7.25 9.94E-09 6.58 6.86E-04 4.03 9.40E-06 4.63

50 4.26E-10 7.09 2.10E-09 6.97 2.97E-04 3.75 3.08E-06 4.99

60 1.16E-10 7.13 5.86E-10 6.99 1.43E-04 4.02 1.21E-06 5.13

with the periodic boundary condition. The source term g(x, t) is specially chosen such that664

the exact solution is665

u(x, t) = e−bt sin(3x + t).666

We list various errors and corresponding convergence rates when b = 1.0, T = 1 in667

Table 4. Superconvergence of order 2k + 1 for the numerical trace as well as cell averages,668

and (k + 2)th order of the function value approximation at Radau points confirm the sharp-669

ness of Theorem 4.2 when the flow direction does change its sign. Moreover, the derivative670

approximation at Radau points achieves (k+1)th order as expected. In addition, superconver-671

gence results for ξu and P−
h u −uh in the L2 norm are shown in Table 5, for b = 0.1, b = 2.0.672

For this problem, results of the generalized alternating fluxes with different weights θ with673

b = 2.0 are shown in Table 6, demonstrating that superconvergence results are still valid for674

the generalized numerical fluxes in Sect. 5.1.675
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Table 3 Errors and rates for Example 6.1 with b = 2.0, T = 1

N ‖ξu‖ Rate ‖P−
h

u − uh‖ Rate ‖ξq‖ Rate ‖P+
h

q − qh‖ Rate

P1 40 1.64E-04 – 1.79E-03 – 1.18E-03 – 1.27E-03 –

80 2.06E-05 2.99 2.29E-04 2.97 1.54E-04 2.93 1.64E-04 2.96

160 2.60E-06 2.98 2.88E-05 2.99 1.97E-05 2.97 2.07E-05 2.98

320 3.27E-07 2.99 3.61E-06 2.99 2.48E-06 2.98 2.61E-06 2.99

P2 20 1.81E-04 – 8.63E-04 – 3.21E-05 - 5.72E-04 –

40 5.97E-06 4.92 5.49E-05 3.97 1.06E-06 4.92 3.56E-05 4.00

80 1.87E-07 5.00 3.45E-06 3.99 3.16E-08 5.06 2.24E-06 3.99

160 5.77E-09 5.02 2.16E-07 3.99 9.68E-10 5.03 1.41E-07 3.99

P3 30 1.46E-07 – 7.35E-06 – 1.51E-08 - 4.96E-06 –

40 1.95E-08 6.98 1.76E-06 4.97 1.82E-09 7.34 1.18E-06 4.98

50 4.12E-09 6.97 5.79E-07 4.98 3.65E-10 7.19 3.90E-07 4.98

60 1.15E-09 7.00 2.33E-07 4.99 9.84E-11 7.19 1.57E-07 4.99

Table 4 Errors and rates for Example 6.2 with b = 1.0, T = 1

N ‖eun‖ Rate ‖eu‖c Rate ‖eur ‖ Rate ‖euℓ‖ Rate

P1 40 2.00E-04 – 4.56E-04 – 7.32E-04 – 2.38E-03 –

80 2.61E-05 2.94 5.79E-05 2.98 9.28E-05 2.98 5.07E-04 2.23

160 3.30E-06 2.98 7.26E-06 2.99 1.16E-05 3.00 1.16E-04 2.13

320 4.13E-07 3.00 9.09E-07 3.00 1.45E-06 3.00 2.75E-05 2.07

P2 20 1.24E-05 – 1.37E-05 – 1.38E-04 – 6.27E-04 –

40 4.51E-07 4.79 4.98E-07 4.79 8.12E-06 4.08 6.18E-05 3.34

80 1.49E-08 4.92 1.64E-08 4.92 4.89E-07 4.05 6.59E-06 3.23

160 4.77E-10 4.97 5.26E-10 4.97 2.99E-08 4.03 7.57E-07 3.12

P3 30 3.70E-09 – 4.98E-09 – 4.52E-07 – 9.72E-06 –

40 5.07E-10 6.91 6.77E-10 6.93 1.07E-07 5.02 3.23E-06 3.84

50 1.06E-10 6.99 1.42E-10 6.99 3.48E-08 5.01 1.31E-06 4.04

60 2.97E-11 7.01 3.96E-11 7.01 1.39E-08 5.02 6.15E-07 4.15

Example 6.3 To illustrate the case with different boundary conditions and long time behaviors,676

consider the following problem677

ut + (u2/2)x − buxx = g(x, t), (x, t) ∈ [0, 1] × (0, T ],678

u(x, 0) = cos(π(x − 1)/2) − e(x−1)/b − 1

1 − e−1/b
, x ∈ [0, 1]679

with mixed boundary conditions680

u(0, t) = cos(π t), ux (1, t) = cos(π t)

(e−1/b − 1)b
.681
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Table 5 Errors and rates for Example 6.2 with b = 0.1, b = 2.0, T = 1

N b = 0.1 b = 2.0

‖ξu‖ Rate ‖P−
h

u − uh‖ Rate ‖ξu‖ Rate ‖P−
h

u − uh‖ Rate

P1 40 7.68E-03 – 1.16E-02 – 2.84E-04 – 4.98E-04 –

80 9.69E-04 2.99 1.52E-03 2.93 3.68E-05 2.95 6.32E-05 2.98

160 1.21E-04 3.01 1.93E-04 2.97 4.64E-06 2.99 7.92E-06 2.99

320 1.50E-05 3.01 2.43E-05 2.99 5.82E-07 3.00 9.91E-07 3.00

P2 20 1.53E-03 – 1.98E-03 – 1.82E-05 – 1.17E-04 –

40 3.03E-05 5.66 1.18E-04 4.07 6.32E-07 4.85 7.26E-06 4.01

80 7.50E-07 5.33 7.23E-06 4.03 2.04E-08 4.95 4.52E-07 4.01

160 2.13E-08 5.13 4.47E-07 4.02 6.48E-10 4.98 2.82E-08 4.00

P3 30 2.33E-06 – 1.35E-05 – 4.95E-09 – 5.83E-07 –

40 3.07E-07 7.04 3.30E-06 4.91 6.83E-10 6.89 1.39E-07 4.99

50 6.42E-08 7.02 1.10E-06 4.92 1.45E-10 6.96 4.55E-08 5.00

60 1.78E-08 7.02 4.47E-07 4.94 4.04E-11 6.99 1.83E-08 5.00

Table 6 Errors and rates for Example 6.2 with generalized fluxes for b = 2.0, T = 1

N ‖eun‖ Rate ‖eu‖c Rate ‖eur ‖ Rate ‖e⋆
ur ‖ Rate

40 6.22E-05 – 1.01E-04 – 2.90E-04 – 3.00E-03 –

P1 80 7.52E-06 3.05 1.19E-05 3.08 3.45E-05 3.07 7.15E-04 2.07

θ = 1.5 160 9.32E-07 3.01 1.47E-06 3.02 4.25E-06 3.02 1.77E-04 2.02

320 1.16E-07 3.00 1.82E-07 3.01 5.29E-07 3.01 4.41E-05 2.00

20 6.89E-06 – 6.95E-06 – 1.40E-04 – 2.28E-03 –

P2 40 1.71E-07 5.33 1.72E-07 5.34 8.42E-06 4.06 2.70E-04 3.07

θ = 0.8 80 5.03E-09 5.08 5.06E-09 5.08 5.18E-07 4.02 3.32E-05 3.02

160 1.56E-10 5.01 1.57E-10 5.01 3.22E-08 4.01 4.13E-06 3.00

30 2.28E-09 – 2.34E-09 – 9.38E-07 – 3.85E-05 –

P3 40 2.94E-10 7.13 3.01E-10 7.13 2.31E-07 4.86 1.26E-05 3.86

θ = 1.2 50 6.05E-11 7.07 6.22E-11 7.07 7.56E-08 5.01 5.16E-06 4.02

60 1.67E-11 7.04 1.72E-11 7.04 3.04E-08 4.99 2.49E-06 4.00

The source term g(x, t) is specially chosen such that the exact solution is682

u(x, t) =
[

cos(π(x − 1)/2) − e(x−1)/b − 1

1 − e−1/b

]
cos(π t). (6.1)683

When b = 100, T = 3, the errors and their orders are presented in Table 7, from which684

we observe (2k + 1)th order superconvergence for the cell averages and the numerical fluxes685

in the discrete L2 norm. Superconvergence of order k + 2 (k + 1) can be seen for the686

function (derivative) value approximations and interior right (left) Radau points. This example687

indicates that the superconvergence results are also sharp when mixed boundary conditions688

are adopted.689
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Table 7 Errors and rates for Example 6.3 with mixed boundary conditions, b = 100, T = 3

N ‖eun‖ Rate ‖eu‖c Rate ‖eur ‖ Rate ‖euℓ‖ Rate

P1 25 1.89E-08 – 2.46E-06 – 3.06E-06 – 4.76E-06 –

30 1.09E-08 3.01 1.42E-06 3.00 1.77E-06 3.00 3.03E-06 2.47

35 6.85E-09 3.01 8.94E-07 3.00 1.12E-06 3.00 2.08E-06 2.43

40 4.58E-09 3.01 5.99E-07 3.00 7.48E-07 3.00 1.51E-06 2.39

P2 10 3.02E-11 – 4.73E-11 – 2.27E-07 – 5.08E-07 –

15 3.89E-12 5.05 6.27E-12 4.98 4.51E-08 3.99 1.25E-07 3.45

20 8.05E-13 5.48 1.58E-12 4.80 1.43E-08 3.99 4.77E-08 3.36

25 2.28E-13 5.65 5.46E-13 4.75 5.86E-09 4.00 2.28E-08 3.31

Table 8 Errors and rates for Example 6.3 with Dirichlet boundary conditions, b = 1.5, T = 100

N ‖eun‖ Rate ‖eu‖c Rate ‖eur ‖ Rate ‖euℓ‖ Rate

P1 25 4.58E-07 – 3.12E-06 – 3.35E-06 – 1.74E-04 –

30 2.65E-07 3.00 1.81E-06 3.00 1.94E-06 2.99 1.17E-04 2.18

35 1.67E-07 3.00 1.14E-06 3.00 1.23E-06 2.99 8.38E-05 2.16

40 1.12E-07 3.00 7.63E-07 3.00 8.22E-07 2.99 6.29E-05 2.14

P2 10 1.74E-09 – 5.32E-09 – 3.89E-06 – 1.61E-04 –

15 2.67E-10 4.62 6.93E-10 5.03 7.79E-07 3.96 4.84E-05 2.96

20 7.48E-11 4.42 1.59E-10 5.11 2.48E-07 3.98 2.06E-05 2.97

25 2.50E-11 4.92 5.77E-11 4.55 1.02E-07 3.98 1.06E-05 2.98

To verify superconvergence results for Dirichlet boundary conditions with long time sim-690

ulations, we consider Example 6.3 with the following Dirichlet boundary conditions691

u(0, t) = cos(π t), u(1, t) = cos(π t).692

When b = 1.5, T = 100, the results with κ = 3.5/h in numerical fluxes (5.4) are shown in693

Table 8, demonstrating that the conclusions still hold for Dirichlet boundary conditions and694

long time simulations.695

Example 6.4 To illustrate the time-dependent singularly perturbed problems with a stationary696

outflow boundary layer, we would like to consider a nonlinear problem697

ut + (eu)x − buxx = g(x, t), (x, t) ∈ [0, 1] × (0, T ],698

with Dirichlet boundary conditions and the same exact solution as (6.1). The initial solution699

and the source term g(x, t) is determined by this exact solution. Note that when we take700

b = 10−5, the solution (6.1) varies quickly with a large gradient and forms an outflow701

boundary layer near the outflow boundary point x = 1. When the Gauss–Radau projection702

P−
h u is used as the initial condition, we observe errors and the corresponding superconvergent703

rates in the local region [13]704

(0, xc) = (0, 1 − ⌈lnN⌉h),705

where ⌈lnN⌉ denotes the minimal integer no less than lnN . The results with κ = 2/h706

in numerical fluxes (5.4) are shown in Table 9, from which we can see superconvergence707
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Table 9 Local errors and rates for Example 6.4 with Dirichlet boundary conditions, b = 10−5, T = 2

N ‖eun‖ Rate ‖eu‖c Rate ‖eur ‖ Rate ‖euℓ‖ Rate

P1 20 5.75E-07 – 1.96E-06 – 6.32E-06 – 3.51E-04 –

40 7.20E-08 3.00 2.45E-07 3.00 7.90E-07 3.00 8.75E-05 2.00

80 9.24E-09 2.96 3.06E-08 3.00 9.86E-08 3.00 2.18E-05 2.00

160 1.18E-09 2.96 3.82E-09 3.00 1.23E-08 3.00 5.45E-06 2.00

P2 20 1.76E-09 – 2.71E-10 – 5.52E-08 – 4.45E-06 –

40 1.74E-11 6.66 7.63E-12 5.15 3.53E-09 3.97 5.75E-07 2.95

60 2.34E-12 4.94 1.35E-12 4.27 7.00E-10 3.99 1.72E-07 2.97

80 3.29E-13 6.82 2.78E-13 5.48 2.22E-10 3.99 7.31E-08 2.98

property similar to the nonlinear hyperbolic equations [4] in the local region (0, xc). This is,708

both the cell averages error and numerical flux in the discrete L2 norm converge at a rate of709

2k + 1, and the LDG error (its derivative) is superconvergent at interior right (left) Radau710

points with an order of k + 2 (k + 1).711

7 Concluding Remarks712

In this paper, we investigate superconvergence of the LDG method for one-dimensional713

nonlinear convection-diffusion equations. The main techniques are the construction of new714

projections and correction functions, allowing us to derive a supercloseness result between715

the LDG solution and an interpolation function. We have established (2k + 1)th order super-716

convergence for the numerical flux and cell averages, as well as superconvergence at Radau717

points, even when the flow direction changes. The results are extended to generalized alternat-718

ing fluxes and mixed boundary conditions. The sharpness of the theoretical results is verified719

by numerical experiments.720

In further work, we will consider the degenerate nonlinear diffusion problems and multi-721

dimensional diffusion equations.722
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