Spatial dynamics of a dengue transmission model
in time-space periodic environment

Jian Fang! Xiulan Lai?* Feng-Bin Wang?

Abstract

This study is devoted to the investigation of dengue spread via a time-
space periodic reaction-advection-diffusion model. We establish the existence
of the spreading speeds and its coincidence with the minimal speed of almost
pulsating waves.

1 Introduction

Dengue is a vector-borne infectious disease which is transmitted to humans mainly
by the bites of Aedes aegypti mosquitoes. Due to the rapid transmission, it has
become a serious public health problem in tropical /subtropical regions of the world.
In order to investigate the spreading dynamics of Aedes mosquitoes, the authors in
[18] proposed a novel model system of differential equations, in which populations
are divided into two sub-populations, the winged/mature female mosquitoes and
the aquatic population (e.g., eggs, larvae and pupae). To reflect the fact that
winged female A. aegypti can search for human blood freely and wind currents
may also cause an advection movement of mosquitoes, a diffusion process and an
advection term are added to describe the random search movements of mature
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female mosquitoes and the result of wind transportation, respectively. Neither
advective transport nor diffusive process is added to the aquatic population since
they are assumed to stay in water containers. The system proposed in [18] is an
advection-dispersion-reaction equation coupled with an ordinary equation in which
the involved coefficients are all assumed to be positive constants.

There has been a dramatic increase in the number of countries with reported
dengue outbreaks during the past 50 years [3, 19, 24]. Therefore, dengue fever
can be regarded as one of the most rapidly spreading diseases in the world, and
it is natural to incorporate the spatial variations into the model system because
of its remarkably growing spatial spread. On the other hand, seasonal or daily
fluctuations in temperature also have a significant influence on the maturation
rates of the aquatic population and biting rate of mature female mosquitoes (see,
e, g., [4]). To explore these aforementioned impacts, we extend the model in [18]

to the following system with both spatial heterogeneity and temporal variation:
(e 0) = DG O — v, 1) 20

(e, ) (1= 28) — dy (2, (o), © €R, >0,

24y(x, 1) = a(z, t) (1 - ﬁ) wr(2,t) — (do(,8) + y(2, 1)) us(,t), © € R, t > 0,

(1.1)
Here, u;(z,t) represents the spatial density of the winged A. aegypti (mature fe-
male mosquitoes) at position z and time t; uy(z,t) represents the aquatic form of
mosquitoes (eggs, larvae and pupae) at location x and time ¢; v(¢, ) is the specific
rate of maturation of the aquatic form into winged female mosquitoes, saturated by
a carrying capacity ki (¢, z). The term a(t, x)(1— %)ul (z,t) describes the rate of
production of the aquatic form, which is produced only by female mosquitoes. That
is, we assume that the rate of production of the aquatic form is proportional to the
density of female mosquitoes and it is also saturated by a carrying capacity ks (¢, x).
The random flying movement of female mosquitoes is represented by a diffusion
process with coefficient D(¢,x), and v(t, ) represents the wind advection. di (¢, z)
and dy(t, z) represent the mortality rates of the mosquitoes and the aquatic forms,
respectively. Periodicity is one of the simplest environmental heterogeneities and
it is a good candidate to approximate the complex heterogeneity. For this reason,

we assume that there is an w > 0 and L > 0 such that
glr+ Lit+w)=g(x,t) >0, forallz e R, t >0, g= D, v, v, ki, di, «, ka, ds.

When coefficients in (1.1) are all positive constants, the authors in [18] studied
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the invasion/spreading speeds and traveling waves, via delicate numerical analysis.
In this paper, the revised model (1.1) has time-space heterogeneity, which gives
the difficulty for the mathematical analysis due to the lack of compactness caused
by the immobility of the aquatic population. Further, instead of traveling wave,
almost pulsating wave that was recently introduced in [5] for time-space periodic
environment will be the objective.

(Classical reaction - diffusion equations are not suitable to describe spread and
persistence of population with dynamics of seasonal heterogeneous growth and
dispersal. Impulsive reaction - diffusion equations were used to study persistence
and spread of species with a reproductive stage and a dispersal stage by [8]. We
use spatial and temporal periodicity to approximate the complex environmental
heterogeneity in this paper.

The organization of the rest of this paper is as follows. The well-posedness
of our proposed system is studied in Section 2. In Section 3, we first adopt the
ideas in [11, Lemma 3.3] to study a one-parameter parabolic eigenvalue problem
with time-space periodic boundary conditions (Lemma 3.1), which will be used
to determine the local stability of the zero solution of associated linear systems
and the characterization of spreading speeds. Then the global attractivity of the
zero solution 0 or a positive time-space periodic solution u*(z,t) for the time-
space periodic initial value problem can be established in terms of the reproduction
number, Ry (Theorem 3.1). In Section 4, we first establish the continuity of the
solution maps associated with system (1.1) in a suitable space (Lemma 4.1). Then
we can overcome the lack of compactness of system (1.1), namely, we show that the
associated solution map is k-contraction in the sense of Lemma 4.2. In Section 5,
we first assume the reproduction number Ry > 1, and utilize the developed theory
in [9, Theorem 5.1] to establish the existence and characterization of rightward
and leftward spreading speeds (Lemma 5.2, Lemma 5.3, and Theorem 5.1). Then
the coincidence of spreading speeds with the minimal speeds of time-space periodic
traveling waves connecting u*(t,x) and 0 can be rigorously established by the
theory developed in [5] (Theorem 5.2). Numerical simulations are collected in
Section 6.
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2 Well-posedness

Let C be the space of all bounded and continuous functions from R to R%. It
is easy to see CT := {u € C : u(z) > 0, Vo € R} is a positive cone of C.
For u := (u1,us), v := (v1,v2) € C, we write u > v (u > v) provided that
ui(z) > vi(x) (u(x) > vi(x)),Vi=1,2, 2 € Ryandu > vifu>vandu#v.
We equip C with the compact open topology, i.e., u™ — u in C means that the
sequence of u™(x) converges to u(z) as m — oo uniformly for  in any compact
set of R. Define

=\ max, <k, | u(z) |
= 3 st Ty e e,
k=1
where | - | denotes the usual norm in R%. Then (C,| - ||) is a normed space. Let
d(-,-) be the distance induced by the norm || - ||. It follows that the topology in the

metric space (C,d) is the same as the compact open topology in C. Forr € C*, we
define C, :={ueC:0<u<r}.
Let T'y(t,s,z),t > s,z € R be the fundamental function of

pr =D, x)pes —v(t,x)p —di(t,x)p, xR t>s. (2.1)
We refer to [16] for the existence and properties of I'y (¢, s, ). Define
To(t, s,x) 1= e~ Jald2(ma)ty(na)ldn (2.2)

Let ¢ = (¢1,¢2) € C. For t > 0, define P(t) : C — C by

P = (M0 ) () &

where * stands for the convolution. Define H : R, x R x R? — R? by

Yt 2)ug (1 — =
H(t,x,u) = le’ ) (2.4)
a(t,z)uy (1 — —kg(zx)

where u := (u1,us) € R% Then (1.1) with the initial condition u(-,0) = ¢ can be
written as the following integral form

u(z,t) = P(t)[¢](z) + /0 P(t—s)[H(s,-,u(+,s))](x)ds, t>0,xeR. (2.5)
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In order to obtain the existence and comparison principle for solutions of system
(1.1), we need the following technical conditions on (ki(z,t), ka(x,t)), which is
assumed in the rest of the paper:

(A) The functions ky(z,t) and ko(z,t) satisty the following inequalities:

{%kl(x,t) > D(z,t)Z5@D (g 2@ g (2 Dk (2,t), 2 €R, t >0,
>

Oz2 Oz
Gka(,t) > = (do(w,t) + (2, 1)) ko(2,1),  €R, t > 0.

Then we have the following result:

Lemma 2.1. Let k(xz,t) = (ki(z,t), ko(z,t)). For any initial value ¢ € Ci(. ),
(2.5) has a unique solution u(z,t; @), which is well-defined for t > 0. Moreover,
u(z,t;¢0) > u(z,t;v) for allt >0 and x € R provided that ¢ > 1 in Cy(.

Proof. We employ the abstract framework in [13]. Using the notations there, we
set € = X =C,D(t) = Cx(p),B = H. Choose S(t,5),T(t,s),t > s > a to be
P(t),t > s = a = 0. Then one may see that all conditions in [13, Corollary 5] are
satisfied. O

3 The periodic initial value problem

Let P = PC(R,RR?) be the set of all continuous and L-periodic functions from R
to R? with the maximum norm || - ||p, and P, = {¢p € P: (z) > 0,Vz € R} be a
positive cone of P. Then (P,P,) is a strongly ordered Banach lattice.

3.1 A one-parameter parabolic eigenvalue problem with
periodic boundary conditions

For our convenience in the subsequent discussions, we consider the following one-
parameter linear system

Pt = D(w, )58 — 20D (1) + (@, )] 55 + [12D(w, 1) + pv (@, t)Jus (, 1)

+y(x, t)us(z, t) — dy(z, t)us(x,t), € R, t >0,
Quset) — oy, £y (2, t) — (do(x, ) + (2, 1)) ua(x, 1), 2 €R, t >0,
(ur(2,0), us(2,0)) € Py, =z E€R,
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where g > 0. The following one-parameter periodic eigenvalue problem is associ- o

ated with (3.1): o4
200D = D(w,t) 2% — [2uD(x,t) + v(x, £)] 92 + [u2D(w, 1) + pw(, )]s (2, 1)
+y(x, t)us(z, t) — dy(z, t)us(x,t) + Mg (2, t), 2 € R, t >0,

Oua(z,t)

o = afx, t)ur(x,t) — (do(w,t) +y(w,1)) ug(, t) + Aug(w,t), v € R, t >0,
wi(x + L,t) = w;i(x,t), ui(x,t +w) =ui(x,t), (,t) ERxR, i=1,2.

(3 2)
Let dy(x) = 1 L [Vdy(x, t)dt, y(x) = = [ y(x, t)dt and M = max,epo 1 {dg + 7 (2}
In order to estabhsh the existence of the prmmpal eigenvalue of (3.2), we need to
impose the following technical condition: o7

(H) There are 0 < a < b < L such that

do(x) +75(x) = M, ¥V x € [a,b].

Remark 3.1. The assumption (H) is motivated by the hypothesis (Hj) in [11] o
and can be used to overcome the loss of compactness in system (3.1). We note o
that if dy(x,t) = do(t) and y(x,t) = v(t) depend on the temporal factor alone, the 100
condition (H) is automatically valid. At this moment it is challenging to remove or 1n
weaken this condition (H), but we hope to be able to improve it in the future study. 1o

We introduce the Banach spaces Y7 = C(R,R), and Y = Y] x Y7 with the 10

positive cones Y;" = C(R,R, ), and Y = Y;" x Y;", respectively. Let 104
Y ={ueCRxRR?:u(x+L,t)=u(zt), u(z,t +w) =u(z,t), V (z,t) e Rx R}.
(3.3)
Then 105
={u e CRxR,RY) :u(z+ L, t) = u(z,t), u(z,t+w) =u(z,t), V(z,t) € R x R}
(3.4)
is the positive cone of Y. Further, it is easy to see that Int(Y;"), Int(Y"), and 10
Int(Y*) are nonempty. 107
Let {U,(t,s) : t > s} be the evolution family on Y of system (3.1). 108
Lemma 3.1. Assume that p > 0 and (H) holds. Then r(U,(w,0)) is the principal 100
eigenvalue of U,(w,0), and \;, = —w is the eigenvalue of problem (3.2) 1o
with an eigenvector u* €Int(Y™). 111



Proof. Our arguments are similar to those in [11, Lemma 3.3]. It is not hard to see
that U,(t, s) is positive (resp. strongly positive) on Y for t > s (resp. ¢ > s) (see
e.g., [11, Lemma 2.10]). For the sake of simplicity, we set

{au(x, t) = p?D(x,t) + pv(z, t) — di(z,t), ap(x,t) =y(x,t), (3.5)

a21($,i) = Oé(l‘,t), a22<I>t) - = (d2<x7t) + ’V(Ij)) )

for any (x,t) € R x R. Let {H\(t,s) : t > s} be the evolution family on Y; of the
following system

0
av(m,t) = ag(x,t)v+ v, (3.6)
thus, Hy(t,s) = el e2@nmX=s)  Then g 1= —@(Hp) = — maxyep r){az(z)},

where w(H)) represents the exponential growth bound of evolution family { Hy(t, s) :
t > s}, and ag(2) := = [ ase(w,t)dt (see e. g., [11, Lemma 2.14]).
Thus, K defined in [11, (2.9)] becomes

fow [efsw a22($,T)dT+)\(W*S)]a21 (:17, S)w(x, S)

dS efOt a22(:ﬂ,7‘)d7’+)\t
1 — ef(;‘) a2z (z,7)dT+Aw

Kyw(z,t) =

¢
+ / [e)s 022 @A g (2 s w(z, s)ds, (3.7)
0

for any A <, and [Mpw](z,t) = a2z, t)w(x,t).
Let G = Cj([a, b], R?) with the following positive cone
Gt={peG:o(x)>0,Vxclab}. (3.8)

Then
D

Int(G1) = {g@ €eG:p(x)>0,Vzxela,bl, g—:(a) > 0, %(b) < O} (3.9)

is nonempty. Assume that G is the Banach space of continuous w-periodic functions
from R to GG, which is equipped with the maximum norm, and the positive cone

G ={ueG:u(x,t) >0,V (x,t) € [a,b] x R}. (3.10)
Then it is not hard to see that

nt(G") = {u € G:u(x,t) >0,V (x,t) € [a,b] x R,
ou Ju
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is nonempty. Let
G={ue CoM([a,b] x R, R?) s u(z,t +w) = u(x,t), ¥V (z,t) € [a,b] x R}. (3.12)
Next, we define a parabolic operator £ on G as follows:

Lw = 8—w—D(x>t)aQ_w+[2ﬂD($at)"i_l/(%t)]g_l:‘{'[dl(x?t)_MZD(x?t)_/“/(x’t)}w'

ox?
(3.13)
Let A\g be the principal eigenvalue of

Lw = w, x € (a,b), t >0,
w(a,t) =w(b,t) =0, t >0, (3.14)
w(x,t) =w(x,t+w), x € (a,b), t € R,

with a positive eigenvector w, € Int(GT)NG.
Claim 1: There exists A < 5 such that

Lw,(z,t) — MisKsw,(z,t) <0, Vo € la,b], t €R. (3.15)

In the case where Ao < 1. Then G (x) + \g < A\g —n < 0, and hence, 1 —
elo an@n)dr+ow ~ 0 This implies that Kyw,(z,t) > 0, ¥ z € [a,b], t € R.
Therefore, we see that (3.15) holds with A = \. Next, we consider the case where
Xo > 1n. Let w.(x) := [ w.(z,t)dt. Then it follows from the fact w, € Gt NG
that w.(-) € G*. Further, one can further verify that w,(-) € Int(G*) (see e. g.,
[11, Lemma 2.10]). Then

B :=max{b: w,(-) — bw.(-,t) € Gt, Vt € R} > 0.

Note that fst age(z, 7)dT + A(t — s) is uniformly bounded for A € [np — 1,7] and
0 < s <t < w. Using this observation together with the fact that the second term
in the R.H.S. of (3.7) is positive, it follows that there exists a constant C' > 0 such
that

Mng)\’w* ({L‘, t)

1 w
>C- [ o@m @ /0 wy(x, s)ds
1 w
>C’-——/w*x,sds,a;€ a,bl, t € R, 3.16
> ) | @ s e (316)
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for any A € [ — 1,7), where we used the fact = > —%, vV { < 0. From the 13
assumption (H), we see that n = —@Gg(x), V = € [a,b]. This fact together with 1
(3.16) implies that 138
L/ wy(x, s)ds > B—Cw*(x,t), x € [a,b], t €R,

(n =AM Jo (7 = A

(3.17)

for any A € [np—1,m). Let \; = m +n and A := max{A\;,n — 1}. Then 13
A1 < 7 since n — 1 — \g < 0. Thus, it is easy to see that n — 1 < X\ < 7. In view of 10
(3.17), it follows that 141

MoK w,(z,t) >

Lw,(z,t) — MisKxw,(z,1)

BC BC
< — T = Wkl S Ly - T ~ ~
< Nowy(x, t) o )\)ww (x,t) < Nowy(x,t) CEENE

BC
ijﬁj%ﬁﬂﬂ

= (0 — Dw(z,t) <  wi(x,t), = € [a,b], t € R. (3.18)

wy(z, )

=[N —

Thus, we have proved Claim 1. 142
Claim 2: r (e’\”Uu(w,O)> > 1. 143
To this end, for any ¢ > 0 we define a function w®(+,¢) : R — R such that

WO 1) = wi(z,t), x € |a,b,
’ 0, z €[0,L]\ [a,b],

and w’(x + L,t) = w(x,t), Vo € R. Let v°(x,t) = K5uw®(z,t) and u®(z,t) := 14
(w(z,t),v%(z, 1)), for (z,t) € R x R. For convenience, we set ¢*(-) = u’(-,0) and s
u(z,t,¢0%) = (uf(z,t),ud(z,1)), for (z,t) € R x R. Then it follows from Claim 1 14

and the construction of u®(z,t, ¢°) that 147
(200(a,t) — D(, )24 + [2uD (x, £) + v, 1)) 24 — (2D, £) + v (, £)]ud(x, 1)
—y(z, )ud(x, t) + dy(z, )ul (2, t) < du (1)( t), r€R, t>0,
2ul(a,) — ala, Oz, 1)
+ (do(z,t) + y(z, 1)) ud(z,t) = M(z,t), x €R, t >0,
ui(a,t) = uj(b,t), t >0,
(((uf(2,0), u3(2,0)) = ¢°(x) € P4, z €R.

(3.19)



By the comparison principle, we have
MU (t,0)6°(x) > u'(w,t,6°) = ¢°(x), Yz €R, t > 0.

Since eMU,(t,0)¢°(x) € Y+, ¥t > 0, it follows that e U, (w, 0)¢°(z) > ¢°(x), V& € 1

R, and hence, r (eX“Uu(w, 0)) > 1. Thus, we have proved Claim 2. 149
By Claim 2, [11, Theorem 2.16], and [11, Remark 2.21], the proof of this lemma 10
is finished. O s

3.2 Threshold dynamics of the periodic initial value prob- i
lem 153
Given a function ((-), we define [0,{(:)]p = {¢ € PT: 0 < ¢(z) < ((2), Vz € R}. 1=

Recall that k(z,t) = (ki(z,t), k2(z,t)). Then we consider the following parabolic 1ss
system with periodic initial value, which is associated with system (1.1): 156

(20, (2, t) = D(x, 1) 2

ot (l’ t) oz

+v(x, t)us(z, t) ( - i’g) —di(z, t)ur(z,t), T €R, t >0,

dtuz(x t) = a(z,t) (1 — “2;";3) 1(z,t) — (do(x, t) + y(x, b)) ug(z,t), x € R, t >0,
[ (u1(z,0), uz(,0)) € [0,k(z,0)]p, x€R.

(3.20)
By same arguments to those in Lemma 2.1, we have the following results: 157

Lemma 3.2. For any given initial function ¢(-) € [0,k(-,0)]p, there exists a unique 1ss
nonnegative solution u(x,t) = u(x,t,o(-)) of system (3.20) defined on [0,00), and 15
u(z,t) € [0,k(z,t)]p fort > 0. Moreover, u(x,t;¢) > u(x,t;¢) for allt > 0 and e
x € R provided that ¢ > 1 in [0,k(-,0)]p. 161

Linearizing system (3.20) at (0,0), we have 162

Duy(x,t) = D(z, 1) 24 — v(z,t) 92
—|—’7(£C,t)u2(£lf,t) - d1<l',t)ul(l',t), LS R? t> 07
(%u?(x t) (x,t)ul(x,t) - (d2<x7t) + ’)/(l’,t)) u2<$,t), ZES R> t>0,

(Ul(l',O),UQ(ZL‘,O)) S ]P)-i-a r e R.

(3.21)

10



Consider the following parabolic eigenvalue problem with periodic boundary con- 163
ditions, which is associated with system (3.21): 164

%ul(x, t) = D(ac,t)aazgl — l/((l),t)%
+y(z, tus(x, t) — di(x, t)us(x,t) + Mg (x,t), (x,t) € R x R,
Duy(z,t) = a(z, thui (z,t) — (do(z, ) + (2, 1) us(z, 1) + Aus(z, 1), (2,t) € R xR,
wi(z,t) = wi(zr, t +w), w(z,t) =u(z+ L,t), (z,t) eERxR, i=1,2.
(3.22)
Observing that if we put g = 0 in system (3.1) (resp. (3.2)), then we get system 16
(3.21) (resp. (3.22)). Then {Uy(t, s) : t > s} is the evolution family on Y of system 16

(3.21). In view of Lemma 3.1, we see that 167
In(r(Up(w, 0
w
is the principal eigenvalue of problem (3.22) with an eigenvector u €Int(Y™). 168

In the following, we will adopt the theory developed in [12] (with delay 7 = 0) to 1
define the basic reproduction number for system (3.20). Recall that P = PC(R,R?) 1o
is the set of all continuous and L-periodic functions from R to R? with the maximum 1n
norm || - |lp, and P, = {¢p € P: ¢(z) > 0,V € R} is a positive cone of P. Assume 1z
C,(R,P) is the Banach space consisting of all w-periodic and continuous functions 173
from R to P, where ||¢[/c, ®p) = maxgepu ||@(0)||p for any ¢ € C (R, P). From 1
(3.21), we define F(¢) : P — P by 175

(%)= (2002 o

and 176

~ o1\ _ [ Dt)GE —v( )5 — di(- e
V“)(s@) ( o) 10 ) o ) (3.25)

where (p1,p2) € P. It is easy to see that F(¢) : P — P is positive in the sense
that F(¢)P™ C P*, and hence, the condition (H1) in [12] holds. Next, we assume
{U(t,s), t > s} is the evolution family on P associated with the following system




It is not hard to see that (¢, s) is a positive operator in the sense that ¥ (¢, s)Pt C
P* for all t > s. Then it follows from [20, Theorem 3.12] that —V(¢) is resolvent
positive. Further, it is not hard to show that the spectral radius of ¥(w,0) is
less than 1, that is, 7 (¥(w,0)) < 1. Then it follows from [20, Proposition A2] (
see also [11, Lemma 2.1]) that the exponential growth bound of evolution family
{U(t,s), t > s} is negative, that is, w(¥) < 0. Therefore, the condition (H2) in
[12] holds. Thus, we can follow the developed theory in [12] and [26] to define the
basic reproduction number for system (3.20).

We assume that v € C,,(R,P) and v(t) is the initial distribution of mosquitoes
at time ¢ € R. For any s > 0, F(¢t — s)v(t — s) represents the density distribution of
newly produced population at time ¢—s, which is produced by the initial mosquitoes
introduced at time ¢t —s. Then V(¢,t — s)F(t — s)v(t — s) is the distribution of those
produced population who were newly produced at time ¢ — s and still survive in
the habitat at time ¢, for ¢ > s. Thus, the integral

/OO U(t, t —s)F(t — s)v(t — s)ds

is the distribution of accumulative new individuals at time ¢ produced by all those
fertile individuals v(-) introduced at all time previous to t. On the other hand, for
any s > 0, U(¢,t — s)v(t — s) is the distribution of those fertile individuals at time
t — s and remain in the fertile compartments at time ¢, and hence,

/OO U(t, t—s)v(t — s)ds

represents the distribution of accumulative fertile individuals who were introduced
at all previous times to ¢ and remain in the fertile compartments at time ¢. Thus,

F(t) /000 U(t,t — s)v(t — s)ds

is the distribution of newly produced individuals at time t.
Define two linear operators on C,, (R, P) by

[Lo|(t) := /000 U(t,t —s)F(t —s)v(t —s)ds, VteR, veC,(R,P).

and

[Lo|(t) :=F(t) /000 U(t,t —s)v(t —s)ds, VteR, veC,R,P),
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Let A and B be two bounded linear operators on C, (R, P) defined by
[Av](t) == / U(t, t —s)v(t —s)ds, [Bv](t) :==F(t)v(t), VteR, ve CLR,P).
0
It then follows that L = AoB and L = B o A, and hence L and L have same 1

spectral radius. Motivated by the concept of next generation operators (see, e.g., 1sr
2, 14, 21]), we define the spectral radius of L and L as the basic reproduction s

number for system (3.20), that is, 189
Ro = r(L) = r(L). (3.26)

Recall that Uy(w, 0) is the Poincaré map associated with system (3.21). By [12, 100

Theorem 3.7] and (3.23), we have the following observation. 191

Lemma 3.3. Ry — 1 has the same sign as r(Up(w,0)) — 1 and —\. 192

The following result is concerned with the threshold dynamics of system (3.20): 103

Theorem 3.1. Let u(x,t,¢(+)) be the unique solution of system (3.20) with u(-,0, ¢(+))o=
o(+) € [0,k(-,0)]p. Then the following statements hold. 105

(i) If Ro < 1, then u = 0 is globally asymptotically stable with respect to initial 196
values in [0,k(-,0)]p; 107

(ii) If Ro > 1, then system (3.20) admits a unique positive time-space periodic 10
solution u*(z,t), and it is globally asymptotically stable with respect to initial 19
values in [0,k(-,0)]p\{(0,0)}. 200

Proof. We first note that the solution u(x,t, ¢(+)) of system (3.20) satisfies u(z, t, (-))-&
[0,k(x,t)]p for t > 0 (see Lemma 3.2). 202

Part (i). Our arguments are similar to those in [11, Theorem 3.8 (i)]. Let 0
v(z,t, ) = Up(t,0)p. Then v(x,t,¢) is a solution of system (3.21) with initial 20
value ¢, and we see that v(x,t, ) is also a supersolution of system (3.20). By the 20

comparison principle 206
u(z,t, ) <v(z,t,p), Ve eR, t > 0. (3.27)

Since Ry < 1, it follows from Lemma 3.3 that r(Uy(w,0)) < 1, and hence, 207
tlgglo v(x,t,¢(-)) = (0,0), uniformly for x € R. (3.28)

13



In view of (3.27) and (3.28), we see that Part (i) is established. 208

Part (ii). Since u(z,t,¢(+)) € [0,k(z,t)]p for t > 0, it is easy to see that (3.20) is 200
a monotone/cooperative system on [0, k(z,t)]p (see, e.g., [17]). Next, the reaction 210
terms in (3.20) can be expressed as follows: 211

V(z, t)us (1 - %) — di(z, t)u
ale,t) (1= 5225 ) wr = (dafw, 1) + () wo

G(x,t,u, uz) = ( Gy (x,t,uy, u5) )

GQ(:L‘7 ta Uy, UZ)

Then G(x,t,uy,us) is strongly subhomogeneous in the sense that
G(z,t,0ur, Oug) > 0G (x,t, ur,uz), V0 <0 <1, (ur,uz) € [0,k(-,0)]p\{(0,0)}.

Further, there is no diffusion term in the second equation of system (3.20), and
hence, the associated solution maps are not compact. For this, we observe that the
reaction term in the second equation of system (3.20) satisfies

%(xauulul@) -

8u2

a(z,t)

_]{32<CC, t)

Uy — (d2($=t> + V(xvt» < 07

for all (z,t,u1,us) € R x R x [0,k(z,t)]p. With the above property, one can use 2.
the similar arguments in [7, Lemma 4.1] to overcome the loss of compactness of 2
(3.20). Using the properties in (3.23) and Lemma 3.3, the rest of the arguments of 2.
Part (ii) are similar to those in Theorem 3.8 (ii) and Theorem 3.10 of [11] and we 25

omit the details. 216

D 217
4 Continuity and k-contraction 216
Recall that u*(z,t) is given in Theorem 3.1. Define a family of operators {Q:}i>0 210
from Cu*(.,o) to Cu*(-,t) by 220

Qo] = (-, t;9), (4.1)

where u(-,%;¢) is the solution of system (1.1) with u(-,0) = ¢ € Cyu+(.0). This ==
section is devoted to the study of continuity and k-contraction of {Q:}:>o. 222

Lemma 4.1. Q,[¢] is continuous in (t,¢) in the following sense: if ¢, — ¢ in 22
Cus(.0) and t, — t as n — 0o, then Qy,[dn] = Q] in C. 224

14



Proof. Recall that T'y(t, s, x) and ['y(t, s, z) are defined in (2.1) and (2.2), respec-
tively; P(t) and H(t,z,u) are defined in (2.3) and (2.4), respectively; u(x,t) can be
rewritten as the integral form (2.5). We first show that there exists a continuous
and positive function Cy(t) with Cy(0) = 1 such that |P(t)[]|| < Co(t)||2|| for

1 € Cy(.0)- Indeed, write ¥ = (11, 109). Define
Ci(t) :=supla(t,0,2) = e~ Jo infrerlda(s.)+y(s.@)lds (4.2)
z€R

In view of (4.2) we have

IPORI = ) 27" max|P(E)[](2)]

|z| <k
k>1

= 2- max[]Fl(t 0,) x ¢y (x)| + |T2(t,0, ) (x)|]

=1 lz|<k

= 22 ﬁaxfl(t 0,-) * ¢ |(x +Z2 km‘aXB(t 0, 7)|1a(z)|
k>1 k>1

<y 2t maxfl(tO Vx| (@) + CLt) Y 27 mgl%( z)| (4.3)
=1 k=1

Using the equality

[ =/ (1.4
y€eR 1>0 lyl€[l,l+1]

L= ) 27%maxTy(t,0,) % ¢ (z)

b1 |z|<k

= 2- maXZ/ Fl (ta 07 y)‘wl (x - y)ldy
[yl€lt,i+1]

we obtain

x| <k

E>1 - 1=0
< 2k max / L1(£,0,y)dy 0
; Z\x|<k+l+1 (@)l lyl€ll,i+1] : ) )

Introducing the variable change [ = k + [ + 1 and dropping the tilde, we have

I < 2~k max |1y ( / I'y(¢,0,y)dy. (4.6)
' Z Z |z[<! lylell—k—1,1—k]

k>1 I>k+1
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Using Fubini’s theorem, we change the order of sums to arrive at

hoo< Y maxlinle) Y2t [ D110, y)dy
>2 ¢ ly|€[l—k—1,1—K]

-1
= 2 ' max |t (z 2l_k/ [y(¢,0,y)dy | . 4.7
na 1 z) (Z D0 )

To estimate the term in the bracket, after the change of variable n = [ — k we
obtain

ylell—k—1,1—k]

-1

L = 22"’“/ Ty(t,0,y)dy
k=1 |
-1

=> 2 / Ty (t,0,y)dy. (4.8)
1 ly|€[n—1,n]

n=

To show that Iy is bounded we employ a comparison argument to estimate the
integral f\y|e[n—1 nl I'1(t,0,y)dy. Let 6 be a positive number that will be specified

later. Define
p(t) 1= eJoluPecn D(s:a)f+lv(s.2)|o+di (s,2))ds (4.9)

Then we infer that for any 6 > 0, 9(t,z) := e %p(t) is a super solution of (2.1)
from the following inequality.

—U + D(t,2)0p — v(t, )0, — dy(t, z)0

s 9
v ( > + D(t,x)0° + v(t,x)0 — di(t, :17)>
0.

IN

Define

)12, ze[-1,0]
p(x) = {0’ e d 10 (4.10)

Then ©(0,7) = e > p(z) for € R. Recall that T';(¢, s, z) is the Green function
of (2.1). By the comparison principle we obtain

e p(t) > /Fl(t, 0,y)p(z —y)dy, t>0,zeR. (4.11)
R
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In particular, at * = n — 1 we have

n

1 n
e ! p(t) > / Ti(t,0,y)p(n — 1 —y)dy = 5/ Iy (t,0,9)dy.  (4.12)
n—1 n—1

Similarly, e?®p(t) is also a super solution of (2.1). Then by the same arguments we
obtain

1 (=D
e =5 [T 0y (113
Therefore,
[ niomdy < e ), (4.14)
lyl€[n—1,n]

which implies that

I, < Z e 01 p(1) = 2p(t) Z o~ (0-n2)(n-1)

n>1 n>1

e 2p(t)
< I(t (Hlnﬁzd _
< p()/o € T 0" m2

provided that 8 > In 2. For the sake of calculation simplicity, we may set = 2+4In 2.
Then

I < p(t) %@;I%(I)h (4.15)
>1 =
and hence,
1P(&) [l
< P02 max | (@) + Ci(t) D27 max ()
< G, * (4.16)
where
Co(t) := max{p(t), C1(t)} = p(t) (4.17)

thanks to the explicit expressions of p(t) and C(t).

Next we use the obtained inequality ||P(t)[¢]]| < Co(t)||¢| to complete the
proof. Indeed, let Ly be the Lipschtiz constant of H(¢,z,u) for t € R,z € R and
u € [0, max,ep{u*(-,s)}]. By the triangle inequality, we see that

1@, [¢n] — Qullll < (1@, [dn] — Qu.[B]ll + [|Qu. [¢] — Qu[¢]I (4.18)

17

245

246

247

248

249

250

251

252

253

254

255

256

257



Without loss of generality, we may assume that ¢, > ¢,n > 1. In view of (2.5) and s
the properties of k;(¢,0,x),7 = 1,2, we obtain 250

Q1. [0] = Qul¢]l

< Pt - )4l + / NPt — $)[H s, Qulo)]|lds
T / [(P(t— 5) — Pltn — $)[H(s. - Qu[6])]1ds
< Colta—t)6] + / " Coltn — ) Lal Q6] Ids
+ / Colt = 3)|[P(tn — t) — I Lt |Qu[6][1ds
— 0 ast, —t. (4.19)
Meanwhile, 260

1Qulén] — Q4]
< IP@)bn— 4l + / LullP(t - 9)[Qulén] — Q6]

< Cot) — ol + / LuColt — )| Qulda] — Quldlllds. ¥t > 0.

Note that 261
pt—s) _ (= ot I5) upeca Do) +oalo+drmalldn vy > o500 (4.20)
p(s) B
It then follows from the periodicity of sup,cg[D(n, )0 + |v(n, 2)|0 + di(n, z)] that 2o
M < elo suPeerlPn0)0* Hr(no)l0+di(nalldn . ¢, W > 5> 0. (4.21)
Thus, 263

Co0] Q1] — Qildl]
< lléw—ol+ / LuCalCo()] " 1Quléa] — Quldlllds, t>0.  (4.22)

By Gronwall’s inequality we then infer that 264
[CoOI M |Qul6n] = QulgIll < l6n — dllle™ ", ¢ > 0. (4.23)
Combining (4.23) with ¢ = t,,, (4.18) and (4.19), we complete the proof. O 26
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For I = [a,b] C R and ¢ = (¢1, ¢2) € Cus(.0), we define ¢; € C(I,R?) by

or(x) = o(x), ze€l. (4.24)

For B C Cy-(.p), let By denote the set {¢; : ¢ € Cy+(.0)} and x(Br) the Kuratowski
noncompactness of By in C(I,R?), which is naturally endowed with the uniform
topology. The set B; is precompact if and only if x(B;) = 0. For each component
(Br)i,t = 1,2 of By, we may similarly define the Kuratowski noncompactness in
C(I,R). Recall that we endow the [* norm in R?. Tt then follows that

K(B[) S H((B[)l) + K/((B[)Q), B C Cu*(‘70). (425)

Lemma 4.2. For I = [a,b] CR andt > 0 there exists ¥ = V(t) € (0,1) such that
k((Q¢[B])r) < VK(Br), VB C Cus(.0)-

Proof. Define a* := sup, , a(t,r). From the second equation of (1.1) we have
t
us(t,x) < Ty(t, 0, 2)us(0, x) +/ Do(t — 5,0, 2)a(s, x)uy (s, x)ds, (4.26)
0

which implies that

R(((Qu[B])1)2) < Ci(t)K((Br)2) +a*/0 R(((Qs[B])1)1)ds, (4.27)

where Cy(t) € (0,1) is defined as in (4.2). From the first equation of (1.1) we see
that (Q:[B]))1 is precompact, that is, x((Q:[B]);)1), and hence,

r(((Qe[B])1)2) < Cr(t)r((Br)2), (4.28)

which, together with (4.25), implies the conclusion with 9(t) = C4(t).

5 Spreading speeds and Traveling waves

In this section, we assume that Ry > 1, that is, \j < 0 (see Lemma 3.3) and we
investigate the spreading speeds and traveling waves of system (1.1). Since Rg > 1,
it follows from Theorem 3.1 that there exist two periodic state, 0 := (0,0) and
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u*(z,t) == (uj(,t),us(x,t)), for system (3.21). Recall that Q; : Cy+(.0) — Cu= 264
is the solution maps associated with system (3.21), which is deﬁned in ( 1). 285

From Lemma 2.1, Lemma 4.1, Lemma 4.2 and [9, Theorem 5.1] (see also [23, s
Appendix]), it follows that the map @,, admits a rightward spreading speed ¢! and 2
a leftward spreading speed c_. In order to obtain the computation formulas for ¢, s
we consider the linearized system of (1.1) at the zero solution: 289

Oy (w,t) = aw, t)ui(z,t) — (do(w,t) + v(z,t))us(x,t), x €R, t > 0.

{gtul(x ) = D(x,t)aa—;ul(a:,t) — vz, t) 2wy (z,t) — di(z, )u (2, t) + (2, t)us(z, 1),

(5.1)
Let {LL(t,s) : t > s} be the evolution family on C generated by system (5.1), that 20
is, L(¢,0)¢ = u(-,t; ¢), where u(x,t; ¢) is the unique solution of system (5.1) with 2a

u($,0;¢) =¢eC. 202
For u > 0, substituting (ui(x,t),us(x,t)) = e (v1(z,t),v2(x,t)) into (5.1) 20
yields 294

vy (x
—la(t ) D(z, t)

— [2uD(2,t) + v(@, 0152 + [1*D(w, 1) + v (x, t)]or ()
—i—’y(:n,t)vg(.?c,t) —dy(z,t)vi(z,t), x €R, t >0,
2oalel) — oz, tyoy (@, t) — (do(@,t) +(z, 1)) (1), w €R, ¢ > 0.
(5.2)
Let {L,(t,s)}+>s be the evolution family on C generated by system (5.2), that
is,L,(t,0)¢ = v(-,t; ), where v(x,t; ) is the unique solution of system (5.2) with

v(x,0;¢) = . Then
L(t,0)[e " ¢l(x) = e " Lu(t, 0)[¢)(x), z € R, 20, ¢(-) €C.

Substituting (vi(z,t), va(x, 1)) = er(p1(z,1), po(w,t)) into (5.1) yields the fol- 2
lowing periodic eigenvalue problem: 206

Agy(z,1) = =220 4 (2, 1) 24 — [2uD(x, 1) + v(, 1) 92 + (2 D(w,t) + p(x, 1)1 (v, 1)
+’y(x oz, t) — dy(x,t)p1(x,t), € R, t >0,
Ado(,t) = =220 4 o (,8)¢y (2, 1) — (do(,t) + (,1)) dal, 1), = €R, ¢ >0,
oi(r+ L,t) = (bl-(a:',t), iz, t+w) = ¢i(x,t), (v,t) ERxR, i=1,2.
(5.3)

By Lemma 3.1, we have the following results: 297
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Lemma 5.1. Assume that (H) holds. Then r,(L,(w,0)) is the principal eigenvalue
of L,(w,0), and A% (n) = M is an eigenvalue of problem (5.3) with a
positive eigenvector.

The following is a computation formula for ¢.

Lemma 5.2. Let O, (u) := 1n[r+(L:(w’o))} = Aii“)w, where r4(L,(w,0)) and A% (p)

are gwen in Lemma 5.1. Then

lim @, (1) = oo, lim @, () = o0, and ¢ = inf O, (). (5.4)
u—0+ —+00 ©>0
Proof. Observing that system (3.22) is equivalent to system (5.2) with g = 0.
Thus, A%(0) = —X5 > 0, and hence, lim, ,o+ ®;(u) = co. We next show that
lim, oo @4 (1) = 0. Let

At) = ( a(t) MiN,¢[o, 7] y(z,t) )
mingepo,z) (@, t) —maxyejo,r)(di(z,t) +y(z,t)) )’

where a(t) = p? mingepo ) D(2, t) + pmingep ) v(z, t) — maxgepo ) di(x, t). Then it
is easy to see that A(t) is a continuous, cooperative, irreducible, and w-periodic
2 x 2 matrix function. Suppose Ia(¢) is the monodromy matrix of the linear
ordinary differential system

dy(t)

dt
and r(Ilac)(w)) is the spectral radius of IIa(.)(w). From [1, Lemma 2] (see also [6,
Theorem 1.1]), it follows that IIs(.)(¢) is a matrix with all entries positive for each
t > 0. By the Perron-Frobenius theorem, r(Il5.y(w)) is the principal eigenvalue
of ITa¢y(w) in the sense that it is simple and admits a positive eigenvector. Let
A= Lin[r(TIla¢y(w))]. Then it follows from [25, Lemma 2.1] that there exists a
positive, w-periodic function ¢ (¢) such that eMip(t) is a solution of (5.5). Thus, it
is easy to show that e*1)(t) is a subsolution of system (5.2), and hence,

= A(t)y, (5.5)

L.(t,0)[¥)(x) > M(t), z €R, t > 0.

In particular,

Ly(w,0)[¢](z) = ¥ (w), x € R.
This implies that

r (Lu(w,0)) > e, (5.6)
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due to Gelfand’s formula (see, e.g., [15, Theorem VI.6]). On the other hand, we 3o
see that ¥(t) := (¢1(t), 12(t)) satisfies 313

Wi (t) = [=A + p? mingepo £ D(x, ) + pmingeo ) v(@, ) — maxyeq o) da (z, 8)]v (1)
—|—[minxe[0,L} ’Y(ﬂia t)Wz(t)v

() = [mingepo,ry a2, )] (1) — (A + maxgeo,r) (di (2, 8) + 7 (2, 1) [9a(t).
(5.7)
From the first equation of (5.7), it follows that

vilt) o 5, oo .
> ) D(z,t t) — dy(z, ).
b 2 AT min (, )+uxr§égﬁ(ar, ) Jnax, 1(z,t)

Integrating the above inequality from 0 to w, we obtain

w¢i(t) - 2\/’&) ) /w ) /w
0= > —A\w+ min D(x,t)|dt+ min v(x,t)|dt— max dq(x,1t)|dt,
s w ) [xe[w (@, t)]dt+p i [mem] (@, 1)] i [xem] 1(z,1)]

which implies that

S\Cd w w 1 w
— > min D(z,t dt—i—/ min v(x,t dt——/ max dq(z,t)|dt.
Lo [xe[w (z,1)] i [xe[w (z,1)] 2 [mem] 1(2,1)]
Since fow [mingeo,r) D(x,t)]dt > 0, it follows that 314
A
lim 2 = oo (5.8)
p—roo 4

In view of (5.6) and (5.8), it follows that lim,,_,., @, (1) = co. Thus, & (u) attains
its minimum at some finite value p*. Since the solution of system (1.1) is a lower
solution of the linear system (5.1), we have

Qo] <L(t,0)[9], V ¢ € Cux(n), t = 0.

Then we can use the similar arguments as in [22, Theorem 2.5] and [10, Theorem s
3.10(1)] to show that ¢ <inf,~o P4 (u). 316
By the continuous dependence of solutions on initial conditions, it follows that
for any 0 < € < 1, there exists a sufficiently small 77 € Int(P,.) such that the solution

u(x,t,n) of (1.1) with u(zx,0,n) = 7 satisfies

u(z,t,n) < min ki(x,t), min ko(x,t)), Ve eR, t e |0,w|.
( ?7) =€ <(a:,t)e[0,1L}x[o,w] 1< ) (z,t)€[0,L] x [0,w] 2( )> [ ]
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Then the comparison principle implies that
Qi(0)(x) :==u(z,t,¢) <u(z,t,7), Voely v R, t€0,u].
Thus, for all t € [0,w] and z € R, Qi(¢)(x) := u(x,t, ¢) with ¢ € C; satisfies

Sy (z,t) > D(x,t)aa—;gul(x,t) — vz, t) 2wy (z,t) — di(z, t)uy (2, t)
+(1 - 6)7(1’” t)UQ(ZL‘,t),
Dug(z,t) > (1= e)a(z, t)uy(z,t) — (do(z, ) +v(z,1))us(z,t), z €R, t > 0.
(5.9)
Let {IL°(t,s) : t > s} be the evolution family on C generated by the following
system:

%ul(x, t) = D(z, t);—;ul(x, t) — vz, t)%ul(x, t) — dy(z,t)ui(x,t)
+(1 = e)y(z, )ug(z, t),
Dug(z,t) = (1= e)a(z, t)yu(z,t) — (do(z, t) + v(z, t))us(z,t), x €R, t > 0.
(5.10)

For y1 > 0, assume that {Lf(t,s)};>s is the evolution family on C generated the
following system

Puet) — pa, )28 — [2uD(x,t) + vz, )] 22 + 12D (x, t) + v, t)]o (2, 1)
+<1 - E)’Y([L’,t)UQ(ZB,t) - dl(xvt)vl(zat)7 S R) > Oa
0u) — (1 — &)z, oy (z,t) — (da(, 1) + Yz, ) val, 1), & € R, £ >0,

(v1(2,0),v9(2,0)) = e op(x), x € R.

(5.11)
By (5.9), it follows that Q:(¢)(x) := u(z,t, ¢) is an upper solution of linear system
(5.10) for t € [0,w] and ¢ € C;, and hence,

L, (t,0)(¢) < Qu(0), V ¢ €Cy, t € [0,w].
In particular,
LZ(W7O)(¢) S Qw(¢)7 v 925 € Cﬁ'

Define the function

= MO
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where 7 (L (w,0)) the spectral radius of the Poincaré map associated with sys-
tem (5.11). Using the analysis on Lj,(¢,0) similar to those for L,(t,0), and the
similar arguments as in [22, Theorem 2.4] and [10, Theorem 3.10(ii)] give rise
to ¢ > inf,50 @ (n). Letting € — 0, we obtain ¢ > inf,-o®;(p). Thus,
el =inf,0 O ().

0

Substituting @y (z,t) := uy(—=z,t) and Uy(z,t) := ug(—z,t) into (1.1), we obtain

Din(z,t) = D(x,t) Lt (2, 1) + v(w, t) i (2, 1)
(@, iia(x, 1)(1 — 223) — dy (2, £ (1),
Sia(x,1) = a(w, ) (1 — =D )i (2,1) = (do(, 1) + v(x, 1))ia(2, 1), © R, ¢ >0.
(5.12)
Let @Q; be the solution map of system (5.12). It is easy to see that if ¢ is the
leftward spreading speed of the map (), then ¢, is the rightward spreading speed
of the map Q. For pu > 0, substituting (i (z,t), 4s(x, ) = e " ((t), 04(t)) into
(5.12) yields

Pt = Dlw, )53 = 2uD(et) = v(e O] G2 + (2D, 1) = (e, )] (2, )
+’7(I7t)@2(xut) - dl(xut)@1<x7t)7 S R7 t> 07

00208) — o, £y (w, 1) — (da(x, £) +Y(x, 1)) Ba(, 1), & € R, > 0.

(5.13)
Assume that {[:M(t, ) }+>s is the evolution family on C generated by system (5.13),
and r_(L,(w,0)) is the spectral radius of the Poincaré map associated with the
linear system (5.13). By similar arguments to those in Lemma 5.2, we obtain the
following computation formula for c.

Lemma 5.3. Let ®_(u) := Infr_(Lu(wO)] _ A0 g oo 7O (1) = Infr— (o 00)
H wo - w )
Then
lim ®_(p) = lim ®_(u) =00, and ¢, = inf O_(u). (5.14)
N—>0+ H—00 n>0
We further have the following result.
Lemma 5.4. The following statement holds.
ch+c, >0. (5.15)
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Proof. Our arguments are similar to those in [9, Section 7]. For u € R, we assume
that r(u) is the spectral radius of the Poincaré map associated with the linear
system (5.2), and A%(p) = 2 Then it is easy to see that A9 (u) = A%(u), ¥ pu >

0, and A® (1) = A%(—u), V > 0. From Lemma 5.2 and Lemma 5.3, we can choose
_ A:)L(.U'l)w A%(p1)w

+ _ — Al A(—po)w
p1 > 0 and pe > 0 such that ¢ = T and ¢, = = m
Let 6 = 2 € (0,1). Then fuy + (1 — 6)(—p2) = 0, and
A° A(— +
CZ +CL: _ (,Ul)w + ( ,UQ)QJ _ w,ul H2 [QAO(,Ul) + (1 _ G)AO(—,UQ)] ) (516)
H1 M2 My fho

From [10, Lemma 3.7], we see that A°(u) is convex on R. Thus, it follows from
(5.16) that

chre > W (g 4 (1 - 0) (<)) = WL TE2N0() — M2 N
1 fha H1fh2 M2

The proof is complete.

[]

Combining Lemma 2.1, Lemma 4.1, Lemma 4.2, [9, Theorem 5.1], and the
above discussions, we have the following result indicating that % and % are the
rightward and leftward spreading speeds for system (1.1), respectively, with initial
functions having compact supports:

Theorem 5.1. Assume that (H) holds, and Ry > 1. Let ¢, = % and u(zx,t, ¢) be
a solution of (1.1) with u(-,0,¢) = ¢ € Cu+(.0). Then the following statements are
valid:

(i) If0 < ¢(-) < () € u*(-,0), for some p(-) € P, and ¢p(z) = 0 for x outside
a bounded interval, then we have

lim_ u(z,t,¢) =0, for any c > c,

t—o0, T>ct

and
lim  u(x,t,¢) =0, for anyc>c* ;
t—oo, r<—ct
(ii) If ¢ € Cur(.0) and ¢ # 0, then for any c and ¢’ satisfying —c* < —c' <c < ci,
we have
lim (u(z,t,¢) —u*(z,t)) = 0.

t—o0, —c't<zx<ct
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Next, we can employ the theory developed in [5, Theorems 2.1] to establish
that the spreading speeds given in Theorem 5.1 coincides with the minimal speed
of traveling waves of system (1.1), which connects the positive periodic state u*(x, t)
to 0, or connects 0 to the positive periodic state u*(z,t).

Theorem 5.2. Assume that (H) holds, Ry > 1, and ¢ is given in Theorem 5.1.
Then the following statements are valid:
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(i) Foranyc > c, system (1.1) admits rightward almost pulsating waves U(t, x, x5

ct) connecting u*(x,t) to 0 with the wave profile component U(t,x,§) being
continuous and non-increasing in §. While for any ¢ € (0,c%), system (1.1)
admits no rightward almost pulsating waves connecting u*(z,t) to 0.

(ii) For anyc > c¢*, system (1.1) admits leftward almost pulsating waves V (t, x, x+
ct) connecting 0 to u*(x,t) with the wave profile component V(t,z,£) being
continuous and non-decreasing in §. While for any ¢ € (0,¢"), system (1.1)
admits no leftward almost pulsating waves connecting 0 to u*(x,t).

6 Numerical simulation

We illustrate the analytic results by numerical simulation, for the temporal peri-
odic case and the temporal and spatial periodic case, respectively.

Example 1. Temporal periodic case.

We consider the temporal periodic diffusion coefficient D(t) = ¢1(1+0.8cos(%)),
advection velocity v(t) = ¢(14-0.8cos(%)), maturation rate y(t) = ry(14+0.7sin(%)),
production rate a(t) = ro(1 — 0.7sin(%)), carrying capacities ki(t) = bi(1 +
0.7sin(Z)) and ka(t) = bo(1 — 0.7sin(%)), death rates dy(t) = e1(1 + 0.7sin(%))
and dy(t) = ez(1 — 0.7sin(%)), with period w = 12. For illustration, we choose
ri = 0.15, 79 = 0.2, by = 50, by = 50, e; = 0.01, e = 0.01. When ¢y = 0.5 and
c1 = 1.1, we have ¢ = 19.2543 and ¢* = 7.4282; When ¢y = 1.5 and ¢; = 1.1, we
have ¢ = 31.2036 and ¢* = —0.6161. Figure 6.1(a) shows the spreading speed-
s ¢ and ¢’ as functions of ¢y, which is exactly the average advection velocity
] = L[5 v(t)dt, with fixed ¢; = 1.1; Figure 6.1(b) shows a plot of the spreading
speeds ¢’ and ¢ as functions of ¢;, which is exactly the average advection diffusion
coefficient [D] = L [ D(t)dt, with fixed ¢y = 0.5.
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Figure 6.1: Spreading speeds. Leftward spreading speed (¢*) and rightward

spreading speed (c%): (a) as functions of the average advection velocity [v] (that is
co); (b) as functions of the average diffusion coefficient [D] (that is ¢).

We consider different initial distribution functions for the mature female mosquitoess
uy(z,t) and aquatic mosquitoes uy(x, t), and observe, by numerical simulations, the ss
evolution of these populations. We consider a finite interval [—L*, L*] with suffi- 30
ciently large L* and non-flux boundary conditions (we choose L* = 100 in follows). sa
First, to obtain rightward traveling wave solution, we choose the initial condition 3o

as follows: 303
30 ifz <-20 9
w(et) =320 -2) ifl2] <20, us(w,t) = zwa(w,1). (6.1)
0 ifz > —-20

Numerical simulation results about spatial and temporal evolution of u(x,t) and 30
us(z, t) are shown in Figure 6.2, which indicates that the population of all mosquitoes z0s

persist. 306
Figure 6.3 shows the spatial and temporal evolution of u(z,t) and us(z,t) with 30
the following initial condition: 308
24 if [2] < 20 ,
ur(,t) = € §(50 —2) 20 < 2] <50 wa(w,t) = gui(w, 1), (6.2)
0 ifx > 50
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u, xt)

100
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time t 0 -100 gistance x time t 0 -100 gistance x

Figure 6.2: The spacial and temporal evolution of u;(z,t) and uy(x,t). The
rightward periodic traveling waves observed (a) for u;, and (b) for us, respectively.

(a) , (b) ‘7
=i : = 4 o
0 ~ - ‘ 0
100 100

50
time t 0 -100 gistance x time t 0 -100 gistance x

50

Figure 6.3: The spacial and temporal evolution of u;(x,t) and uy(x,t). The left-
word and rightward periodic traveling waves observed (a) for uy, and (b) for wus,
respectively.

Example 2. Temporal and spatial periodic case.

We next consider spatial and temporal periodic diffusion coefficient D(z,t) =
¢1(14-0.8cos(F))(140.5cos(%5)), advection velocity v(z,t) = ¢o(140.8cos(F))(1+
0.5cos(%%)), maturation rate y(x,t) = r1(1 + 0.7sin(%))(1 + 0.5cos(%%)), produc-
tion rate a(x,t) = (1 — 0.7sin(%))(1 + 0.5cos(%%)), carrying capacities ky(z,t) =
by (1 +0.7sin(%))(1 4 0.5cos(5E)) and ko(x,t) = by(1 — 0.7sin(Z))(1 + 0.5cos(5F)),
death rates dy(z,t) = e(1 4 0.7sin(%))(1 + 0.5cos(%%)) and da(z,t) = ey(1 —
0.7sin(%))(1 + 0.5cos(7%)).

Figure 6.4(a) shows a plot of the spreading speeds ¢ and c* as functions of the
advection velocity coefficient c¢y; Figure 6.4(b) shows a plot of the spreading speeds
¢t and c* as functions of the diffusion coefficient c;.
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Figure 6.4: Spreading speeds. Leftward spreading speed (¢*) and rightward
spreading speed (c%): (a) as functions of the advection velocity coefficient co; (b)

2

as functions of the diffusion coefficient ¢;.

Figure 6.5 shows the spatial and temporal evolution of w;(z,t) and us(x,t)
with initial condition (6.1). Figure 6.6 shows the spatial and temporal evolution of
ui(x,t) and us(x,t) with initial condition (6.2), which indicates that the population
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of all mosquitoes persist with spatial periodic pattern.
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Figure 6.5: The spacial and temporal evolution of u;(x,t) and us(z,t) with initial
condition (6.1). The rightward periodic traveling waves observed for w; and wus,

respectively.
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x,0
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Figure 6.6: The spacial and temporal evolution of u;(x,t) and us(z,t) with initial
condition (6.2).
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