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Abstract

In this paper, we consider the discontinuous Galerkin method with upwind-biased numerical
fluxes for two-dimensional linear hyperbolic equations with degenerate variable coefficients
on Cartesian meshes. The L?-stability is guaranteed by the numerical viscosity of the upwind-
biased fluxes, and the adjustable numerical viscosity is useful in resolving waves and is
beneficial for long time simulations. To derive optimal error estimates, a new projection is
introduced and analyzed, which is the tensor product of the corresponding one-dimensional
piecewise global projection for each variable. The analysis of uniqueness and optimal inter-
polation properties of the proposed projection is subtle, as the projection requires different
collocations for the projection errors involving the volume integral, the boundary integral and
the boundary points. By combining the optimal interpolation estimates and a sharp bound
for the projection errors, optimal error estimates are obtained. Numerical experiments are
shown to confirm the validity of the theoretical results.
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1 Introduction

In this paper, we study optimal error estimates for the discontinuous Galerkin (DG) methods
with upwind-biased numerical fluxes for two-dimensional linear hyperbolic equations with
degenerate variable coefficients

u; + (a(x, y)u)y + (b(x, y)u)y =0, (x,y,t) e 2 x(0,T], (1.1a)
u(x,y,0) =ugx,y), (x,y) € 82, (1.1b)

where a(x, y) and b(x, y) are given smooth functions that have turning points on a bounded
rectangular domain in R2, and uo(x, y) is a smooth initial condition. The periodic boundary
conditions are mainly discussed, and for the Dirichlet boundary condition case, we refer to
[15, Sect. 3.5]. By constructing a special piecewise global projection and establishing the
optimal interpolation properties as well as a sharp bound for projection etror terms, we are
able to derive optimal error estimates for the DG methods with upwind-biased fluxes on
Cartesian meshes.

The DG method is a class of nonconforming finite element methods, designed mainly
to capture shocks without nonphysical oscillations and to achieve a uniform high order
accuracy for smooth solutions. Proposed by Reed and Hill [21] for solving a linear steady-
state hyperbolic equation, the DG methods were developed by Cockburn and Shu [6,9,10,12]
for solving nonlinear time-dependent conservation laws. Since the basis functions can be
completely discontinuous at element interfaces, the DG method provides more flexibility for
h-p adaptivity. Due to its excellent features for computing both smooth and discontinuous
solutions, the DG method was generalized to lots of different partial differential equations
(PDEs), such as diffusion equations and high order wave equations, for which the local DG
(LDG) method [11] and the ultra weak DG method [5] are proposed. For recent development
and applications of DG methods, we refer to the survey papers [8,22].

Traditionally, purely upwind fluxes are chosen in the DG scheme for hyperbolic equa-
tions. However, in order to better resolve discontinuities and capture the wave for long time
integrations, the upwind-biased flux in possession of adjustable numerical viscosities can be
helpful. Specifically, in order to simulate shocks, a small amount of numerical dissipation
that is lower than that of an upwind flux can be considered, and this is achieved by choosing
suitable weights in the generalized local Lax—Friedrichs flux in [17]. On the other hand, for
smooth solutions of hyperbolic equations, a numerical flux with negligible numerical dis-
sipation can be chosen which will produce a smaller magnitude of the error (especially for
even polynomial degrees) [15,20]. For linearized Korteweg—de Vries (KdV) equations, by
choosing a downwind-biased flux for the convection term, a nearly energy conserving LDG
scheme [16] shows a better result for long time simulations, when compared with the stan-
dard upwind flux. In addition, an energy conserving DG scheme is proposed and analyzed
with central fluxes for generalized KdV equations in [1], and a special global projection is
constructed.

First proposed in [20], the idea of the upwind-biased flux has shown its flexibility and
advantages for solving different types of PDEs. In [18], Liu and Ploymaklam consider the
LDG method for Burgers—Poisson equations, in which weighted numerical fluxes are used
for the diffusion term. In [4], Cheng et al. adopt upwind-biased and generalized alternat-
ing numerical fluxes for solving linear convection-diffusion equations; for fully discretized
analysis, please refer to [23]. In addition to optimal error estimates for these generalized
numerical fluxes, superconvergence of the DG and LDG methods have been studied for lin-
ear hyperbolic equations in [3,13] and convection—diffusion equations in [19]. We would like
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to point out that a main technical issue related to the analysis of upwind-biased fluxes is the
coupling feature of the projection, as it uses information from both sides of cell interfaces
due to a weight for the flux. Therefore, in contrast to an explicit formula for local projec-
tions for purely upwind fluxes, a linear algebraic system of equations needs to be solved
when upwind-biased fluxes are considered and the unknowns of the global projection in the
discrete L? norm should be uniformly bounded. Moreover, for linear hyperbolic equations
with degenerate coefficients, if we simply use the approach as that for the linear equations,
the resulting matrix may be singular and thus existence of the designed projection cannot
be obtained. To solve this problem, we proposed in [15] a piecewise global projection by
imposing an additional exact collocation condition at one of the boundary point, at which the
value of f/(u) is of the mesh size. Consequently, the whole region can be divided into three
parts connected by a varying sign element on which a local Gauss—Radau (GR) projection is
defined. By requiring some suitable collocations of points at which f’(u) does not change
sign, we obtain two matrices that are diagonally dominant, indicating that the resulting two
matrices are always invertible and thus uniqueness as well as optimal interpolation properties
can be proved.

As a continued work of [15,20], we consider in this paper the optimal error analysis
of DG methods with upwind-biased fluxes for 2D hyperbolic equations with degenerate
coefficients on Cartesian meshes. To this end, we first define a new projection which is a
tensor product of the 1D piecewise global projection in [15]. However, the projection is not
easy to analyze, as it involves different collocations for the volume integral, the boundary
integral and boundary points of different cells. Noting that this projection cannot completely
eliminate the contribution for projection errors, a sharp estimate for the projection errors is
derived, which is based on a global inequality rather than a local equality as that in [4,7].

The rest of this paper is organized as follows. In Sect. 2, we present the DG scheme with
upwind-biased fluxes for 2D linear hyperbolic equations with degenerate variable coefficients
and show L? stability. In Sect. 3, we begin by presenting some notation and recalling some
preliminaries for the 1D piecewise global projection in Sect. 3.1. In Sect. 3.2, we define a
new piecewise global projection and show existence and optimal approximation properties.
A sharp bound of the projection error is shown in Sect. 3.3. The optimal error estimates are
given in Sect. 3.4. In Sect. 4, numerical experiments are given to confirm theoretical results.
Some concluding remarks are given in Sect. 5.

2 The DG Method

In this section, we define the DG scheme and show the L? stability.

2.1 The DG Scheme

Prior to giving the definition of the DG scheme, let us first present some notation. For any
positive integer r, let Z, = {1, ..., r} and denote by £2; = {K £ I x J;} a Cartesian
mesh of £2, where K are shape regular rectangular elements and /; = (x;,_1,x;,1), Jj =
2 2 '
(yj_%, yj+%) withi € Zy, and j € Zy,. The cell center is (x;, y;), where x; = %(xl._% +
xi+%),yj = %(yF% + yj+%). We set 082, = {0K : K € £2;} being a collection of
cell boundaries. Moreover, we denote i, = max;ezy, hi, hy = max ez, h§ with A} =

Xipdl =X h}/ = Vil =Yl and i = max(hy, hy). Associated with the mesh £2;,, the

i+5 i
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finite element space is
Vi ={veL*(2):v|x € Q"(K) VK € 2},

where Q¥ (K) is the space of the tensor product of polynomials of degree at most k for each
variable on K.

Since functions in Vj, can be discontinuous across element boundaries, for y € J; and
J € Zn,,weuse Vil and vtr | _ todenote the traces evaluated from the left element /; x J;

27 T3y
and the right element ;| x J;; the jump and the average of v are denoted by [v], oy =
+ - + +
vH%’y vl+2 and {{v}}l+ y 2(Uz+ y—i—vi 1y ). Analogously, % N Ve [v], g4l
and {v}, j+1 can be well defined on horlzontal edges when x € [; and i €Zp,.
As usual, we adopt WP (D) to represent the standard Sobolev space on D equipped with
the norm ||-|l¢, p,p With £ > 0, p = 2,00, and D = K, £2 etc. The subscripts D, £ will be

omitted when D = 2 or¢ = 0,and W&?(D) = HY(D)when p = 2. Similarly, the boundary
[ _
L2 norm is [[vlly0, = (Lken, IV15x)* with 0I5, = f;, (074 02 + (v, )%dy +
L l@h 2+ 0 )%
i J=3 X, jt3
We are now ready to present the DG scheme for (1.1). For all ¢ € (0, T'], find uj,(t) € Vj,
such that

/uh,vhdxdy—/ auh(vh)xdxdy+/ (atipvy; )z+ }dy—/ (aﬁhv;)iié’ydy
K K J

J J

_ P £ Ao+
/K buy (vy)ydxdy + /;,- (bupv, )x‘j_i_%dx /I,« (bitpv, )xyj_%dx (2.1)

holds for all v, € V), and K € £2;,. Instead of using purely upwind fluxes for the hat terms,
here we consider a more generalized upwind-biased fluxes in the form

0 if )
. upVifa(x;  1,y;) >0,
in=1 g, .. 2 at (o, 1, y), (2.2a)
u ) if a(x;, l»)’j) <0, 2
u® if b(x;, y, . 1) >0,
A »Vj+3
u at (x, y. . 2.2b
" { (Qz)lfb(x,,y+1)<o ® ) 220
©) - (92)
Here and in what follows, w+2,,v _Qle_%’ +61w+ b Wi _sz i ,+62w it

and 65 > 5 are the weights in the upwind-biased fluxes with (95 =1—6; fors =1, 2. For the
numerical initial discretization, we can simply take the L? projection of uo. This completes
the definition of the DG scheme.

For notational convenience, we would like to use the DG spatial discretization operators
in the form

Hy (w, v) :/ wvxdxdy—/ (ﬁ)v’)i+%yydy+/ (Wv™ )t_f}dy, (2.3a)
K Jj Jj
Hf{(w, V) = /K wvydxdy — /; (uA)vf)x’j_F%dx + /1 (ﬁ)u+)x’j_%dx, (2.3b)

and the removal of the subscript K indicates the summation of all K € £2j.
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2.2 Stability

The DG scheme (2.1) with the upwind-biased fluxes (2.2) satisfies the following L? stability.

Proposition 2.1 The solution of the DG scheme (2.1) with the fluxes (2.2) satisfies
lun@l = Cllup(O)|l, Vi >0,
where C is a positive constant depending on a, and by.

Proof Taking v, = uj, in (2.1) and summing over all K, we get

1d
ﬁﬂMVZHWMJM+W%MJM 2.4)

It follows from integration by parts and a local linearization a; 1y = (ai +ly Tl j) +
1 that
7]

ax 2
H* (aun, up) =K§ /K—Exuhdxdy
h

1 No Ny )
]:

Ji=1

al.+

N> Ny
+ Z/J Z (ai+%,y - ai+%,j) (it = {”h})i+%,;v [[uh]]i-i—%,ydy
j=1""ii=1
2 2
< Cllupll® + Chlluy ||a(zh

2
= Cllunl”,

. 1 —
since 6] > 3 and |ai+%,y — ai+%!j| < Ch, and we have also used the fact that ZKE_Q]’ w =

Zyil ZINZ'I w implied by the structure of Cartesian meshes and the inverse property (ii).
Analogously, for 1Y (buy,, uy), we have

H (bun, v) < Cllun]l*.

A substitution of the above two inequalities into (2.4) together with the Gronwall’s inequality
leads to the L? stability. This finishes the proof of Proposition 2.1. O
3 Optimal Error Estimates

3.1 Preliminaries

3.1.1 A Special Projection in 1D

Basically, for optimal error estimates of the DG methods with upwind-biased fluxes solving
linear hyperbolic equations with variable coefficients, the design of special projection is
mainly divided into two cases. The first case is that the derivatives of flux functions a, b

do not change signs over §2; for such a case, one can simply employ the local linearization
approach for a, b at each element and take the projection proposed in [20]. Note that in [20] a

@ Springer

:é: Journal: 10915 Article No.: 1197 [ TYPESET [ DISK [_]LE [_]CP Disp.:2020/3/19 Pages: 19 Layout: Small




G
]
]
S
(=W}
-
o
=
+—
=
<

169

170

171

172

173

174

175

176

177

178

179

180

181
182

183

184

185

186

187

188

189

190

191

192

193
194

195

196

197

198

199

200

201

202

203

_####_ Page60f19 Journal of Scientific Computing _##########HH###HH##HH_

global linear system of size N1 No x N1 N, needs to be solved, which, however, can be treated
as the tensor product of two matrices of size Nj and N, respectively. For the second case
when a, b do change signs over §2, the situation is totally different, for which we should be
careful to rearrange different collocation conditions. A successful treatment proposed in [15]
is to split the whole projection into a piecewise global projection via replacing a collocation
condition by a decoupling condition for a sign varying element (connecting cell).

To be more specific, let us recall the definition of the special piecewise global projection
in 1D. Thus, (1.1) reduces to

u; + (c(x)u), = 0.

According to the sign variation of ¢(x) together with an assumption that f'(u) = c(x) has
only two zeros, we follow [15] and denote

ﬂ:{j|c(xj7%)<0andc(xj+%)20, VjeZy}, (3.1a)

y={j|c(xj7%)>0andc(xj+%)§0, Vjely}, (3.1b)
and

B ={f....yv—1} b={y+1,..,8-1} (3.1¢)

no matter whether y is greater than 8 or not. Note that Zy\{l" U} = y, allowing us to
define an additional decoupling condition for the element /,, in (3.2b) below. The piecewise
global projection 772 u is defined as a delicate collocation at different points with the purpose
of obtaining matrices that are always diagonally dominant, resulting in the uniqueness and
existence of the projection. It reads

/ (Pf u)pdx =/ updx Yo € PN, i€ Zy, (3.2a)
1,' Il'
0 \N— — - .
(P, u)H_% = ui_% at Xipls i=y, (3.2b)
(Ppu);py = d; 1 atx; 1. i€l (3.2¢)
(Plu);_1 =11 _1 atx;_i, iebh, (3.2d)
2 2 2

where ¥ = Ow~ + Hw™ for c(xl.+%) > 0and @ = Ow~ + Ow™ for c(xl.Jr%) < 0 with
0 > % and § = 1 — 6. We can see that the projection is doubly defined at Xytl without any
collocation at x p—1 (namely (u — P,fu) pt # 0), which will give us a local GR projection

on I, entailing that Phou can be decoupled starting from this element. For more details, see
[15, Lemma 3.1 and Remark 3.1].

3.1.2 Inverse Properties in 2D
For any function v € Vj, the following inverse inequalities hold [2]:

. _ .. _1 _
IVl < Ch7 v, (Dlvllse, < Ch™ 2w, Gi)lvle < Ch™ v, (3.3)
1
where ||Vv| = (||vx 1%+ lvy ||2)7 and the bounding constant C is independent of /.
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3.2 A Special Piecewise Global Projection in 2D

We are now ready to define a new projection for the 2D case. For simplicity, we consider
the univariate case of (1.1), namely a(x, y) = a(x) and b(x, y) = b(y); definition of the
projection for the multivariate case of (1.1) is more involved, as sign variations will be quite
complicated. Analogous to 8, y, B, 5 in (3.1a)-(3.1c) for 1D, we can define 81, 1, B2, V2,
and further 15, b, B, b3. Next, foru € W°(£2;,), the new projection, denoted by HZ‘ 02y
is defined to be the tensor product of the corresponding 1D projection. That is,

I, %u = P} @ Pu, (3.4)

where the subscripts x and y denote the 1D projection is used as given in (3.2). Taking into
account collocations at different boundary points, the projection HZI‘OQM is a polynomial in
Vi, satisfying the following four groups of identities, i.e., the volume integrals

[ e s yyany = [ ey y)dnay. (350)
K K
the collocations for vertical boundary integrals
61,02 — — .
I, dy = d = 3.5b
, (0, 00 4 /J u O0n dy i=n, GSh)
1.0, 0D - _ CY = : 5
y (T, )1y n) }dy—/Jj i+ kW1 4y P E B, (3.5¢)
5 5
a0’ @t dy= / W™ @t dy iebi,  (5d)
Jj Jj L=3.y =2,y

the collocations for horizontal boundary integrals

01,0 .
/ (I, u +1(vh) +1dx—‘/1i 1( )~ H_ldx j =72 (3.5¢e)
1,6, (62) _ _ CY) . +
[ o, qar= [ o] jen e
( ) . _
[l ot = f uf’j?_gvh);j_%dx jerm Gy

which hold for all v, € Q" —1(K) and K € £2;, and the collocations for boundary points

(Hel qu)iJ;;H% = ";;_w% @7 =r. G50
M0y = G e o, (3.50)
@0t = G e B, (3.50)
(e ),+(92])+2 i—+.<%9’z]>+2 (i, )) € (n.,Bh), (3.5k)
(- )z+(621) —“i_;f.z;—l i, j) € (v1,b2), (3.51)
M0y =, ) € L), (3.5m)
@) 92,) \= ufijj{l i, )) € (55, 13), (3.5n)
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01,02 (51’02) _ (51,92) .. — o
234 (Hh u)i—%,j-&-% = ui—%,j+% @i, j) € (by, by), (3.50)
0.6, (01.52) 01.; .. S
2 @), =d G ) e 51, b). (3.5p)
G 236 2072 I=2:J72
o
8 237 Here and below,
[
(01.,62) - Dy =t
— =
= by = OO OO
=
< ~ +.— 5 4t
239 + 6016w " + 616w T .
= PRy T
241 In order to show uniqueness, existence and optimal approximation properties of the pro-

22 jection Hzl’gzu, we need to recall the definition IT, as defined in [7,20]. Specifically, for
us u € WHo°(82,), the projection I, u is a unique polynomial in V, such that

/ M), u(x, y)va(x, y)dxdy = / u(x, y)va(x, y)dxdy, (3.6a)
K K

245 /; (H;u);%,y(vh);%’ydy = /J ui_Jr%’y(vh);%’ydy, (3.6b)
J j

246 /;i (Hh u)x,j+% (vh)x.j+%dx = /1:_ ux,,i+% (Uh)x’j+%dX, (3.6¢)

e T wicy jod = 1501 (3.6d)

29 hold for all v, € Q¥ 1(K) and K € £2. Clearly, I, u is locally defined and satisfies the
>0 optimal approximation property [2,7]:

_ 1 _ _
i = Tl + b2l = Tl + bl = Tl < CR ulligr, 3.7

»2  where C is independent of /.
253 Existence and optimal approximation properties of the piecewise global projection HZ‘ 62
s+ are established in the following lemma.

s Lemma 3.1 There exists a unique HZ"02 satisfying (3.5a)—(3.5p). Moreover, assume that

s6  u is sufficiently smooth, i.e. u € H*"1(82),), and periodic. Then, there holds the optimal
257 approximation property:

01,0 1 61,0
e — T 2wl 4+ A2 = T2 ully o < CHH s, (3.8)

1
0 where ||ulg+1 = (Zkerzh ||u|]%_H K)2 is the broken Sobolev k + 1 norm of u and C is
%0 independent of the mesh size h.

2 Proof Denote )" u—u = 00" u—T0;, u+ T, u—u 2 E+y with E = "% u—TT; u

22 Vpand ¢ = I, u — u. Since IT, u defined in (3.6) has already known, if we can prove the
%3 existence and uniqueness of E, then HZ"qu = E + I, u will be unique. By the definitions

264 Of HZ"QQ and IT, , E satisfies the following identities

265 / Evpdxdy =0, (3.9a)
K

2

266 /Jj E;l,y(vh)z;%,ydy =0 i=y, (3.9b)
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1) - _ 7 + - . +
267 /Jj EH%,},(Uh)ﬁé,ydy = —6, /Jj 1Pl.Jr%’y(l)il)l.+%,ydy i € b, (3.9¢)
il . _
- = [ E™ oot = [ wt, ant, aviem, (3.94)
o Jj 2y Jj l=7,) =73,y
o
~ I /1,- E in), 1 de=0 i=n, (3.9¢)
o
= 2 _
= /; E)(c,j')-&-%(vh)x,j+% = —92/ v 4 (vn) +ldx j € 1h, (3.9f)
<C i
(@) + _ T T .
271 /]l. Ex,j—%(vh)x,j—%dx = —bth /[i wx,j—%(vh)x,j—%dx RS bo, (39g)
Bl =0 G, J) = (1, 1), (3.9h)
OD— N .
” Ei+%,j+% = —6 wi+%,j+% @i, j) = (®Y, »2), (3.91)
@).— N . .
” By =" 0 i J) = (1. 1), (3.9)
—O) ot o
” E iy =0V 0000 (i, j) = (1, b5), (3.9K)
-0 _ g B _
e Efi oy ==V, i, )= (1, b2), (3.91)
©1,00) . (01,60) .o b ook
7 Ei+%,j+% = wi+%,j+% (i, j) = (b, ba), (3.9m)
61,600  _ _ (61,60 Do =
e Ei+%,j—% - ‘/fi+%,j_% (@@, j) = (bl, by), (3.9n)
@.02) ) . _
E = = (b1, bh), 3.9
279 i,% j+% wl‘f% ]Jr% @, J) (b E) (3.90)
o EFG];GZ? = _w(ell»e?) 1 (i, j) = (b1, Ba), (3.9p)
281 i—3.0—73 i-1j-1%

22 which hold for all v, € Q¥ 1(K) and K € £2,.
283 Since E € Vj,, we can express the restriction of E to K = I; x J; in terms of the orthogonal
2+ Legendre basis functions, i.e.,

m  E|lx £ Ex(x,y) = Z Z 2Pty (¥ Py () = Z Z (42 Py (3) Py (9),

=0 0,= =0 ,=

s where Py, (X) is the £;th order Legendre polynomial on the reference element [—1, 1] with

w X = Q(X i) - Jikewise for Py, ().
288 Below we will finish the proof of Lemma 3.1 with the following five steps.
280 Step 1 It follows from (3.9a) and the orthogonality property of the Legendre polynomials
20 that
Ex(x.y) =Y ai PP Py () + Y of S Py (B)Pe(P) + o Pr(E) Pr(P)
=0 £=0
® 2 Wi+ Wa + W, (3.10)

204 sinceozf'j’z2 =0forty,4,=0,....,k—1,i € Zy, and j € Zy,.
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Step 2 Estimate to Wy. Taking v, = Py, (9) in (3.9b)—(3.9d) with £, = 0,...,k — 1 and
using the orthogonality property of Legendre polynomials, we obtain consecutively

alkfz =0 i =, (3.11a)
ol P+ 0 (—Draf 7 = 0igl i el (3.11b)
elal"ﬁz/Jre( Dhaf? =01gf> i ebi, (3.11c)
1 S
for & = 0,....k —1,j € Zy,, where g} == \bi‘:%,ysz(y)dy with y =
n’
i+ 4 y. Next, a combination of (3.11a) with (3.11b) and (3.11c), respectively, gives us,
forfy =0,...,k—1, j € Zn,, the linear systems of equations
A ahl = 5,g55 (3.12a)
il UO# j bi, j )
kL k.l
Ay blzj = Glgbl ZJ (3.12b)
k.t k.l k.l T k.t k.l k.t T k¢
wfllceeretheVf:ctozsgozlbﬂl_2 k—[(aﬂlfj,]; ;Z. aylfl j)ke Iblzj =( yﬁf]’j,.‘ aﬁlfl D Dﬂ.z] =
(gﬁljl,j* e gy;,j)T 8 ZJ (gy;flﬁj, e gﬂlfl ]) , and the diagonally dominant matri-
ces
61 61 (—D* 61 (=1
A 6 01(—DF
AIb*l’ = ° ° ~ X y A[b—l = . . . (313)
91 91(—1) T, ~
0 01 01 (—DF
Obviously, by (2.2a) with 0 > j, the determinants of Ay and Ay; are not zero. Thus, ak sz
exists uniquely for £ =0, ...,k =1, j € Zy, andi € Zy,.
Step 3 Estimate to W5. Analogously, taking vy, = Py, (%) in (3.9¢)-(3.9g) with ¢; =
0, ...,k — 1 and using the orthogonality property of Legendre polynomials, we obtain con-
secutively
f‘, =0 =, (3.142)
bhar 1k+9 (—Dfailh =gk, jebh (3.14b)
baa{E oo (e = 0pgl ey, (3.14c)
— 2041 g1 + AN g A . _
for4y =0,...,k—1,i € Zy,, where gl J+1 = el 1//x!j+%Pg1(x)dx with x =
X + %‘)? Next, a combination of (3.14a) with (3.14b) and (3.14c¢), respectively, gives us,
for¢; =0,...,k —1,i € Zy,, the linear systems of equations
Ay s = gy, (3.15)
¢ Jk 01,k
Ay, ai,lﬂoz = 92gi,llb§’ (3.15b)
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kT Lk £,k Lk \T L1k
where the vectorsoz = (a ”32 ) 0 = e ) gy =

)T b1k b ’k ‘ k_l )T, and the diagonally dominant matrices

(gtﬁz+1""’gly2 iy = (gtV2+1""’glﬂ2

0, O (— 1) Ba(=1)*
| A A 6 6(—DF ¥ 16,
bt = ' P » Ay = . . SR
62 Gr(— D} i R
) 62 O2(=1)F
1.k

Obviously, by (2.2b) with 6, > 7, the determinants of Ay; and Ay; are not zero. Thus, al b,

exists uniquely for £1 =0,...,k —1,i € Zy, and j € Zy,.

Step 4 Estimate to W3. By the exact collocation at (x,, +1 Yypd ) in (3.9h), we have that
k—1 k—1
kk ks 0k _
Dy = Z Ay Z o, =0, (3.17a)
£r=0 £1=0

since, by (3.11) and (3.14a), a2 = 0 for 3 = 0,...,k — 1, j € Zy, and o{;* = 0 for
0 =0,....k—1,i € Zy,.
Then, the conditions (3.91) and (3.9j) imply that

k _ _
ok + O (—Dal =glh i, (3.17b)
k.k )
Bt e DRt =g e, (3.17¢)
where
kk 3o - bty
8it1y, = 0 w,ur%’ Z %y Z &, }/2
£1=0
kL k ¢ . +
Z(x”rlzl/z( D™+ Z t+l yz( H™ i € b,
£=0
k—1
Kk _ o - k.o 0k
iy = elwifé,y2+ Z %Gliy t ; Oai—l,yz
=
Za“Z( Dt +Za “(—ph i €bi.
L,Y2 i,y2

Inserting (3.17a) into (3.17b) and (3.17c), we obtain, for j = y», the linear systems of
equations

A sy, = 81,y (3.18a)

AUOTaUOT»Vz = gb—lyyz, (318b)

_ k.k k.k T k.k k.k T _

where o ,, = (o ﬁl y2,...,ay171’yz) s Alg gy = (@ 1+1,yz""’0‘/3171,y2) > 8Bk, =
k. k k.k . .

(gﬁ]+l’y2, ey gyl,yz) 8bi,n = (gy|+1.yz’ e gﬁ.—l,yz) , and the diagonally dominant

matrices Ay, Ap; have been given in (3.13). Therefore, afi’ﬁz exists uniquely for i € Zy;, .
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Similarly, the conditions (3.9k) and (3.91) together with (3.17a) produce, fori = y, the
linear systems of equations

Ay &y s = 8y, (3.192)

A&y, by = 8y, b (3.19b)

k,k T . k.k k.k T .

where @y, 1 = ( 71 /32 % kl) » %y _k @ 1 Uy g1 - Bk =
(gyl Batl> o g)/i Vz) 8yi.bs = (gy] yatls oo g,/; o DT, and Ay, Ay have been given

in (3.16). Therefore, oek K exists uniquely for j € Zy,.

In what follows, we shall deal with some more complicated terms involving two weights
in (3.9m)—(3.9p). Since the analysis to (3.9m)—(3.9p) are similar, we only take (3.9m) as an
example. After rearranging terms, the condition (3.9m) yields, for i € bf and j € I5h, that

01620 +919 (—Dra ,]H +016(=Dral ) ; + 0100 . =g ] (3.20)

where

k-1
kk _  (01.02) k@z £,k
8ij = Vil 1~ 00 ZO‘ + )

K7
~ k.t
— 0162 Zal frslen 1)£2+Za”+1( Dt

—5192 Zazk—}—elzj( 1) + Za""ll( 1)[1

— 616, Z o0 (D Z T 3.21)
£1=0
is known. If we now denote

o — (& ok ofok ok )T
bi.by = gy gy Y yn—10 0 Vl-lﬁz R

_ (kK k.k k.k k.k
8wkt = g pyr 2 8prgp=trs 2 8y—1ppr 2 Syi—Lyn— 0

then (3.20) can be rewritten as

App ® Aps 051,15 = &bt bbb » (3.22)

where Ay, Ay have been defined in (3.13) and (3.16), and ® is the Kronecker product of
two matrices. Since Ay and Ay are invertible, we can deduce from

(Ap; ® Apy) ! = Au;; ® Au;;

that Ay ® Ay is also invertible. Therefore, ak f exists uniquely fori € b, j € bb. Applying

the same arguments as that for (3.9m) to (3.9n)—(3.9p), we conclude that a ex1sts uniquely

fori e by, j ebrandi € by, j € b5 Ubs.
Till now, we have proved that otf'j’gz canbe solved for €1, ¢, =0, ..., kandi € Zy,, j €

Zn,; then Ek (x, y) and thus HZ"qu is uniquely determined on each element K € £2j.
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1-191,92

Step 5 Optimal approximation property. The optimal approximation property of can

ko,

be derived from that of E, and, by (3.10), we need only to consider the bounds for «; i

ozf_lj andai,j with €1,8, =0,....,k—1,i € Zn,, j € Zn,.

Firstly, we estimate the coefficients in Wy, i.e., af’fz. To do that, we solve (3.12a) and use

the special form of Au;*.-l in [15, Appendix A] (which is an upper triangular matrix) to get

4 14 k.,
lorgs 13 < BRNAGH I3 llgh? 13 < BRNAG I IAG oo llgh 13

2
q1 k,lo

= m llg M J||2, (3.23a)

UV _
where g1 = —w with |g1] < 1, and ||-||, denotes the £7 norm for a vector or matrix

with p = 1, 2, co. Moreover, it follows from the Cauchy—Schwarz inequality and the change
of variables that

leg %13 < Chm' Y f Wi, 2y <Chm Y I G (3.23b)
iebf iebf
with Kg = I; 11 X J;. A combination of (3.23a) and (3.23b) gives us
legy 203 < ™" 3" 1l (3.242)
iebf

Analogously, for (3.12b), we have

1 k.
e 03 < ——— Nl %13 < A= " I I3k (3.24b)
(1 —1g20) e
1
where g, = —52(;721)]( with |g2| < 1.If we now denote oel;’['z = ((ozé;fQJ)T 0, (otk - )T)T with
Jj €Zny, €2 =0,...,k—1, wearrive at

k@ k. k¢
215 = fle e’ |I2 + llog; Zjllz <chn! E ¥ 13- (3.25)
i=1

Secondly, performing the same procedure as that in deriving (3.25) to (3.15), we obtain
the bound for the coefficients in Wy, namely oz k It reads

N>
e 15 = Nl L 13 + lleg W2 115 < Ch™' D Il (3.26)
j=1

where o] = (oY), 0, (o] YY) with i € Z,, £ =0, . k—l

Thirdly, let us consider estimates to the coefficients in W3, i.e., (x By an argument
similar to that in the proof of (3.24a), we deduce from (3.22) that

2
Il 15 115

A

< (At ® As) 113 llguss.is 13

IA

1AL @ A I 1AL ® Ayl llco llgws s 13
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qu k—1 N2 k—1 Nl
= o 51 iRk + X D el 3+ ZZH k)2
O—la?0—1a)? | &, = 2.
<C 30 (Rl g+ 0 I IEk) =C<h2"||u||k+1+h—‘nwn%gh>
Kes2y,
= cn*, (3.27)

where in the second line we have used the fact that (A ® Agy) -1 = AU;TI ® Aur')Jzl as well as the

Holder’s inequality for the matrix norm, in the third line we have utilized ( le 2 10 ozlk fz)

k Zle(;:lo (af”j[z)z and have substituted (3.25), (3.26) into (3.21), in the fourth line we have

employed the property [ ]lco.x < Ch¥|lu|x+1.x implied by the Sobolev inequality, the
Bramble-Hilbert lemma and scaling arguments in [2, Corollary 4.4.7], and in the last line
we have taken into account the approximation result in (3.7). Similar bounds for ||t 15 ||%,
llotsss 155 ||§, and ||y 155 ||§ can also be shown.

<

Finally, we are now ready to present the optimal approximation property for 1'101 b

Collecting (3.25)—(3.27) into (3.10), we have

IEIP < ch* | Y Z(a”Z)% > Z(o/l 7 +

Kes2, £r= Kes2, £1=

= cn? (1w g, + %)
< Ch 2k+2
where we have also used the interpolation error estimate (3.7). This, together with the triangle

inequality, leads to the desired result (3.8). Also, the boundary norm estimate can be derived
by the inverse property (ii). The proof of Lemma 3.1 is complete. O

Remark 3.1 For the special case that a(x) keeps its sign and b(y) changes its sign on 7, we
can modify the projection to be the tensor product of P} in [20, Lemma 2.6] and P in [15,
Lemma 3.1], and similar conclusions as that in Lemma 3.1 can be obtained. O

3.3 A Sharp Bound for Projection Error Terms

Due to the lack of degrees of freedom in defining projections, the projection error terms
cannot be eliminated. However, the following sharp bound of the projection 1-[21,02 helps
to recover the order for the leading term of the projection error. Denote by a a piecewise
constant with ar |, = a(x;) £ a;; likewise for by..

Lemma 3.2 Assume that u € H*T2(2) and vy, € V). Then we have
[H* (ar (u = T %), vp) +H (b (u — T %), v)| < CH lullegallonll, (3.28)
where C is independent of h.

Proof The proof is similar to that in [4] in which linear convection—diffusion equations with
alternating fluxes are considered. We only point out the main differences. Wlthout loss of
generality, in what follows we only concentrate on the bound for H* (ay (u — I1 h‘ qu) vp).
In contrast to a local identity in [7, Lemma 3.6], here we have a global inequality

M (ap(w — T %w), vy) < CRF 3 oy | Y € PRI (25, vy € 042, (3.29)
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since the one-dimensional projection P,f u does not enforce any collocation condition at the

point Xg_1- Noting that H* (az (w — HZ"GZw), vp) = 0 for w € PK(K), as HZ"GZ is a

polynomial preserving operator, to prove (3.29) we need only to consider w|g = x**! and

w|x = y**1. Specifically, forw|x = x**!, since HZ‘ ‘2 reduces to a one-dimensional projec-
tion Pzi_ for the univariate function w = x**! and, by (3.5¢)~(3.5d), (w — HZI’GZ w)g,

1 —
_ A
(w— Pzi_ w)ﬁl_% # 0, we conclude that
iy s, (L = T w) v) = ag, (w = Plw)e" / )y dy.
2
s, (@ (w = T w) o) = —ap, -1 (w =Pyl w) / g, dy,

and for other elements, i.e. VK € £2,\{(Ig, U Ig,—1) x J;},
H (ar (w — 5% w), vy) = 0.
In addition, for w|x = y**!, after using integration by parts
H (ap(w — M9 %2w), v,) =0, VK € 2.

For more details, see [4, Appendix A]. Therefore, summing over all K, we obtain for w €
Pk+l ( K)

01,62

H ar (w = T2 w), vn) = Hy g, ey, @n = T2 w), vy)

< ChEM S 3 oy,
3
< CH* 2wy,

where C = C(||w||x+1) with ||w]||x+1 being the broken Sobolev norm of w and in the second
step we have used the approximation result for Phei , the Cauchy—Schwarz inequality and the
fact that |ag, | + |ag,—1| < Ch, and in the last step we have employed the inverse property
(ii).

Next, we use the inverse inequalities (i) and (ii) in combination with the optimal approx-
. R 01,00 . _Af
imation property for I, with k = 0 in (3.8) to get

[ e =10, v0)| < Cllullionll (3:30)
Consequently,
’Hx(aL(u — i), Uh)‘
< MG (= w) = T = ), v + [ (@ (= T 2), uy)
k+3
<C ot e wlil + CH o
we Pk (82,

k1
<cn*t ||u||1<+2||vh|l,

where we in the first step we have added and subtracted H* (ar (w — HZ' 02 w), vy) for all
w € P*1(2;), and in the second step we have taken into account (3.30) and (3.29), and in
the last step we have employed the standard approximation theory. This finishes the proof of
Lemma 3.2. ]
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3.4 Optimal Error Estimates

Let us now show our main result regarding the optimal error estimates. Denote e = u —uy =
u— Hzl’ezu + Hzl’gzu —up 2+ £ with& € V.

Theorem 3.1 (Error estimate) Assume that u € H***(2),u, € H**'(Q). Let uy be the
numerical solution of the DG scheme (2.1) with upwind-biased numerical fluxes (2.2a),
(2.2b). For any regular mesh, if the discontinuous finite element space Vj, of degree k is used,
then there holds the error estimate

@) —un )] < CH**, Vi e 0, T, (331)
where C is independent of the mesh size h.
Proof By Galerkin orthogonality and using the DG operator in (2.3), we have the cell error
equation

/ e;vpdxdy = Hy (ae, vp) + Hﬁ( (be, vp)
K

for any vy, € Vj, and K € £2),. Taking v, = £ and summing over all K, we get

1d
§a||€||2+/9 mi&dxdy = H*(a§, §) + M (b€, &) + H' (an. §) + 1 (bn. &). (3.32)
h

Using the same arguments as that in the proof of the stability property in Proposition 2.1,
we have that
M (a5, §) + 1 (b, §) < CI&IP, (3.330)

since 0y, 6, > %

Let us now consider the estimate to H* (an, &) + H” (bn, &). Using a local linearization
fora(x) = a(x) —ar +ar and b(y) = b(y) — by + br, we obtain
H"(an, &) + M (bn, &)
=H"((a—ap)n, &) +H (b —bL)n, &) +H" (arn, &) +H (bLn, &)
< Ch(InllIEN + 1€/ ID + Inllo, 16 10e,) + CRIE]
1
= C (Inll+ 12 Inllag, ) 1€0 + CRE g
< Ch el (3.33b)

where we have also used the inverse inequalities (i), (ii), the sharp bound in Lemma 3.2 and
the optimal approximation property for HZ‘ 02 i (3.8).
Collecting (3.33a) and (3.33b) into (3.32) together with the fact that the projection HZ‘ 02

is linear and independent of #, namely |7, || < Ch* 1, llk+1, we have
ld .o 2 2k+2
= <C + Ch ,
2dt||§|| <Cléll

where we have also used the Cauchy—Schwarz inequality and Young’s inequality. Since the
numerical initial condition is taken as an L? projection of ug, then a simple application of
Gronwall’s inequality and the triangle inequality gives us (3.31). This completes the proof
of Theorem 3.1. O

Remark 3.2 For the case of a(x) or b(y) having more zeros, we can use the same approach
as that in [15, Lemma 3.3] to construct a special projection for 2D equations. The optimal
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Table1 The errors |lu — uy|| and orders for Example 4.1 using ok polynomials with different (61, 62) on a
random mesh of Ny x Ny cells. T = 1.CFL =0.1

N1 x Ny (01,62) = (0.7,0.7) (61,62) = (0.7, 1.5) (01,62) = (1.5,1.5)
L2 error Order L? error Order L2 error Order

Ql

10 x 10 3.71E-02 - 2.45E—02 - 1.90E—02 -
20 x 20 1.09E—-02 1.87 7.50E—02 1.81 4.68E—03 2.14
40 x 40 2.95E—-03 1.94 2.14E—03 1.86 1.20E—-03 2.02
80 x 80 7.55E—04 2.03 5.60E—04 2.00 2.94E—-04 2.10
160 x 160 1.89E—04 2.01 1.47E—04 1.99 7.27E—-05 2.03
Q2

10 x 10 1.05E-03 - 1.75E—-03 - 2.05E-03 -
20 x 20 1.30E—04 3.20 2.03E—04 3.29 2.69E—04 3.10
40 x 40 1.71E—-05 3.02 2.66E—05 3.03 3.39E—-05 3.08
80 x 80 2.00E—06 3.20 3.28E—06 3.12 4.15E—-06 3.14
160 x 160 2.61E—-07 3.03 4.28E—07 3.04 5.32E—-07 3.06

approximation result as well as a sharp bound for projection error terms will also be obtained.
The optimal error estimates will still hold. Details are omitted to save space. O

4 Numerical Experiments

In this section, a numerical example is given to demonstrate the sharpness of optimal error
estimates in Theorem 3.1. To reduce time errors, the five stage fourth order strong stability
preserving Runge—Kutta discretizations [14] are employed and At = C F L hp;y. A nonuni-
form mesh is used, which is a 10% random perturbation of the uniform mesh. Periodic
boundary conditions are considered.

Example 4.1

w4 (@(x, yu)y + (blx, )y = g(x, 3,0, (x,y,1) €[0,27]* x (0, T},

4.1
u(x, y,0) = ug(x, y), (x,y) € [0, 272, @D

where a(x, y) = sin(x + y), b(x, y) = cos(x + y), g(x, y, t) is chosen such that the exact
solution of (4.1) is
u(x,y, t)y=sin(x +y —2t).

Different combinations of the weights (61, 6») are taken, and the results for the L2 errors are
given in Table 1, from which we can observe the expected optimal (k + 1)th order. Moreover,
for the fixed mesh, it seems that for even (odd) values of k, smaller (bigger) weights would
lead to a better approximation with a smaller magnitude of the error. This may come from
the different dispersive and diffusive errors of the DG scheme with upwind-biased fluxes.
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5 Concluding Remarks

In this paper, we analyze the DG scheme with upwind-biased fluxes for two-dimensional
linear hyperbolic equations with variable coefficients on Cartesian meshes. By constructing
a special piecewise global projection, we derive the existence and optimal approximation
property of the projection. The main technicality is an elaborate treatment for the boundary
collocation terms, for which couplings from different directions should be clarified and
estimated. Moreover, due to the tensor product structure of the mesh and basis functions,
a sharp bound for the leading error of projection error terms is shown. Therefore, optimal
error estimates are obtained. Numerical experiments are presented to verify the theoretical
results. Extensions to multivariate linear variable coefficient equations and the 2D nonlinear
equations are challenging, which constitute of our future work.
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