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Introduction

Recall that by a geometric object we mean a ringed space (X, Ox) of a
topological space X and the structure sheaf Ox of local rings on X. To
find out the geometry (X, Ox) of a noncommutative (associative) algebra
A is a challenging task of noncommutative geometry. In this case, the
global sections I' (X, Ox) of the structure sheaf Ox should represent (or
stay closer to) the original algebra A, that is

A — (X, Ox)

| |
['(X,0x) < (X,0x)
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Introduction

In algebraic geometry that relation defines an anti-equivalence between
{commutative rings} < {affine schemes} .
In the complex analytic geometry we have an anti-equivalence between
{locally compact topological spaces} < {commutative C*-algebras} .

Noncommutative complex analytic geometry deals with the Banach space
representations of a noncommutative complex algebra. A geometric space
(X, Ox) of a finitely generated noncommutative complex algebra A
consists of the spectrum X (analytic space) of A to be the set of all
irreducible Banach space representations, and a noncommutative Fréchet
®-algebra (pre)sheaf Ox so that T (X, Ox) represents (or stay closer) the
noncommutative algebra of all entire functions in the generators of A.
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Introduction

The noncommutative algebra of all entire functions in the generators of A
is well known in the literature as the Arens-Michael envelope of A
(introduced by A. Ya. Helemskii). It turns out that the Arens-Michael
envelope of a complex algebra A is the completion of A with respect to the
family of all multiplicative seminorms defined on A.

If Ais the algebra of all polynomial functions on a complex affine algebraic
variety X, then its Arens-Michael envelope is the algebra of holomorphic
functions on X (A. Yu. Pirkovskii, Trans. Moscow Math. Soc. 2008).

In particular, the Arens-Michael envelope of the algebra A = C [xq, ..., x|
of all complex polynomials in n-variables is the Fréchet algebra O (C") of
all entire functions on C".
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In the case of a noncommutative polynomial algebra A its Arens-Michael
envelope represents the algebra of all entire functions in noncommuting
variables generating A. Our main focus will be on the the quantum plane.
The quantum plane (or just g-plane) is the free associative algebra

A =C(x,y)/ (xy—qyx), qeC\{0,1}

generated by x and y modulo xy = g 'yx. The Arens-Michael envelope

of g is denoted by Oq (C?). If x and y are invertible additionally, then

the algebra represents the quantum 2-torus. If |g| # 1, then we deal with
the contractive quantum plane.
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The Arens-Michael envelope O, (C2) representing the algebra of all
noncommutative entire functions in x and y consists of the following
absolutely convergent power series

Oq (C?) = {f =Y ax'y  If]l, = Y law| p™ < 00,0 > 0}
ik ik
if | <1

(A. Yu. Pirkovskii 2008). The case of |g| > 1 can be reduced to the case

of |g| < 1 by flipping the variables x and y, thereby whatever construction
over the g-plane done for |g| < 1 can be conveyed to the case of |g| > 1

too.
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It turns out that if |q| < 1 then Og4 (C?) is commutative modulo its
Jacobson radical Rad (’)q (CZ), that is, all irreducible Banach space
representations (the spectrum X of ) are just continuous characters
(trivial modules) and

Spec (04 (C?)) = C,y = CxUC,,

where C,, = Cx {0} C C?, C, = {0} x C C C?, and we use the notation
Oq (Cyy) instead of Og (C?). Moreover,

Oq (Cy) /Rad Oq (Cyy) = O (Cyy)

is the algebra of holomorphic functions on C,, .
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The space X = Spec O, (C,, ) stands for the noncommutative "analytic"
space of g, whose structure sheaf would consists of noncommutative
Fréchet ®-algebras extending the algebra Oy (C,y).

But there is a problem: the spectrum X is not uniquely defined by the
algebra Og4 (C?):

Fq(Cxy) = SpecF,;(Cy)

1 I
Oq(Cy) = X
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Introduction

So, to restore the geometry that stands for 2, |q| < 1 one needs to pass
to a certain formal completion of Og4 (Cy ). It is important to define a
Fréchet ®-algebra structure sheaf 7, on C,, so that

X = SpecI' (X, Fq)

and I' (X, Fg) should be a Fréchet O, (Cy, )-algebra (or bimodule). It
turns out Oy (Cyy ) is not suitable to have a self-satisfactory geometric
construction but it is essential for the functional calculus problem.

Dosi (Harbin Engineering University, China) Noncommutative formal geometry



Introduction

The same phenomenon was detected in the case of the universal
enveloping algebra
A=U(g)

of a finite dimensional nilpotent Lie algebra g whose Arens-Michael
envelope Oy stands for the algebra of all noncommutative entire function
in elements of g.

(1) Dosi, Cohomology of Sheaves of Fréchet Algebras and Spectral
Theory, Funct. Anal. its Appl. (2005);

(2) Dosi, Cartan-Slodkowski spectra, splitting elements and
noncommutative spectral mapping theorems, J. Funct. Anal., (2006);

(3) Dosi, Taylor functional calculus for supernilpotent Lie algebra of
operators, J. Oper. Th. (2010).
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The formal algebra stalk at zero

The space C [[x, y]] of all formal power series in variables x and y is a
Fréchet space equipped with the direct product topology of [JCxy*. If
i,k

f=Y,ax'y" and g = Y , bx'y*, then we put
frg=) ( )3 3siqitbtj> x"y".
mon \s+t=m,i+j=n
It defines an Arens-Michael-Fréchet ®-algebra structure on C [[x, y]], and
Ay — Cllx y]]
is a (unital) algebra homomorphism. In particular, C [[x, y|] is a Fréchet

Oq4 (Cyy)-algebra.
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The formal stalk in x-direction

It can be treated as a formal stalk at zero - the intersection point of two
complex lines C and C,. In the direction of the x-line C, the algebra
C [[x, y]] can be reconsidered as C [[x]] [[y]]. Every h = ¥ ; , cikx'y* can
be rewritten in the form h =Y, h, (x) y" with h, (x) = ¥; cinx’. Then

f~g=Z<,Z ﬁ(X)&(in)>y"v

where f; (x) g; (g'x) is the multiplication in the algebra C [[x]], which is
commutative.
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The formal stalk in y-direction

In a similar way, C [[x, y]] = [[x]] C[[y]] and every h =}, , c,-kx"yk can
be rewritten in the form h =Y, x™hy, (y) with hy, (y) = Y cmiy'. Then

fg= Zx (SHZm (qty)gr(y)),

where f; (q'y) g+ (y) is the multiplication in the algebra C [[y]], which is
commutative.

Thus the formal g-multiplication in C [[x, y]] can be defined in two
different ways by extending the multiplication of the g-plane .
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The formal stalk is local

The algebra C [[x, y]] has the continuous trivial character
(0,0): Cl[x,y]] = C

annihilating both variables x and y. The notation (0,0) will be justified
below as a point of the g-plane Cy,. The algebra C [[x, y|] is local with its

Rad C [[x, y]] = ker (0,0)

to be the closed two sided ideal generated by x and y. In particular,

Spec (C[[x,y]]) = {(0.0)} .
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The topology of the quantum plane

Fix g € C\ {0}, |g| < 1. A subset S C C is called a g-spiraling set if it
contains the origin and {¢"x:n€ Z,} C S forevery x € S. Thus S'is a
g-spiraling set iff S, = S, where

Sq = {0} U(U3Z19"5)

is the g-hull of S. If S = {x} is a singleton, then {x} is a spiraling
sequence which tends to zero including its limit point, that is,

{x},={d"x:nez,}u{0}

is a compact set.
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The topology of the quantum plane

A subset U C C is said to be a g-open set if it is an open subset of C in
the standard topology, which is also a g-spiraling set. The whole plane C
is g-open, and the empty set is assumed to be g-open set.

The family of all g-open subsets defines a new topology q in C, which is
weaker than the original standard topology of the complex plane. Every
open disk B (0, r) centered at the origin is a g-open set. Thus the
neighborhood filter base of the origin is the same in both g-topology and
the standard topology.
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The topology of the quantum plane

Notice that {0} is a generic point of the topological space (C, q) being
dense in it. If x € C\ {0} then its closure in (C, q) is given by

{x}7 %= {q_kx tk € Z+}.

Thus (C, q) satisfies the axiom Ty, and it turns out to be an irreducible
topological space, which is not quasicompact.

If K C C is a compact subset then it is quasicompact in (C, q), but not
necessarily g-closed subset. All disks (open or closed) centered at the
origin are quasicompact (nonclosed) subsets of (C, q). They are all dense
in (C,q). Every closure {x} of a point x € C is not quasicompact. A
nonempty subset K C (C, q) is quasicompact iff so is its g-hull K. In this
case, K is bounded automatically.
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The standard sheaf

Let O be the standard Fréchet sheaf of stalks of the holomorphic functions
on C and let id : C — (C, q) be the identity (continuous) mapping. Put

01=id,. O

to be the direct image of O along the identity mapping. It is a Fréchet
algebra sheaf on (C, q). For every g-open set U and its quasicompact
subset K C U we define the related seminorm

Ifllx = sup[f (K)[, feO(U)

on the algebra O (U). The family {||-]|c} of seminorms over all
g-compact subsets K C U (that is, K = Kj) defines the same original
Fréchet topology of O (U), that is,

O (U) = O (V)

as the Fréchet algebras.
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The standard sheaf

But O% and O are different sheaves having quite different stalks. The
stalks of the sheaves Q9 and O at zero coincide, whereas

01 =0 ({A},) = 0o+ L Ogn

n€Z+

at every A € C\ {0}. The algebra Of is not local for A € C\ {0}. It has
an ideal of those stalks (U, f) € Of with f ({/\}q) = {0}.
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The sheaf filtration

The sheaf O1 has the following filtration {my} of closed ideal subsheaves.
If U C (C,q) is a g-open subset, then it contains the origin and we put

mg (U) = {f(z) €0 (U):z79 (2) € OF (U)}

to be a closed ideal of O% (U), where d € Z. Notice that mg = O, and
my (U) consists of those f (z) € O%(U) such that

fF(0)=Ff"(0)=---=f1(0)=0.
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The sheaf filtration

The ideal my (U) is the principal ideal of O (U) generated by z9, that is,
my (U) =209 (V).
The linear mapping
mg (U) — OV (U), f(z)— 279 (2)

implements a topological isomorphism of the Fréchet spaces preserving the
multiplication operator by z. Moreover,

O1(U) =my (U)©CleCzd--- @ Cz91

is a topological direct sum of the subalgebras my (U) and (polynomial)
CleCzd---®Cz9 1,
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The sheaf filtration

Thus my (U) defines a new Fréchet O-module sheaf on (C, q), which is an
isomorphic copy of O%. We use the notation Q9 (d) for this Fréchet sheaf

called the d-shift of O%. Thus
O'"=0%d)eCleCzd - &Cz!

is a direct sum of the Fréchet sheaves for every d € Z . In particular,

0 (0) = 0",
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The topology of the g-plane

The spectrum C,, being the union C, UC, can be equipped with the final
topology so that both embeddings

(Cx.q) = Cy < (Cy0)
are continuous, which is called the g-topology of C,,. The topology base
in C,, consists of all open subsets U = U, U U, with g-open sets
U« € Cxand U, C C,. In this case,
C, =CUu(C,

is the union of two irreducible components, whose intersection is a unique
generic point.
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The sheaf on the x-direction

Consider the Fréchet sheaf 0% and the constant Fréchet sheaf C [[y]] over
the topological space (Cy, q). Put

O [ly]] = 0'&Cly]

to be their projective tensor product. The space O1[[y]] (Ux) of all its
sections over a g-open subset Uy is the Fréchet space O (Uy) [[y]]
equipped with the defining family {||-[|, ,, : K € Ux,m € Z, } of
seminorms, where

1l m = ionfnnK, Feo U,

and K C U, is a compact subset.
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The sheaf on the x-direction

It turns out that O9[[y]] is a Fréchet ®-algebra sheaf equipped with the
formal g-multiplication. Namely, if f =Y., f, (x)y" and g =Y, gn (x) y"
are sections from O9[[y]] (Uy), then we put

ﬁg:Z( Z ﬁ(x)gj(qix)>y”.
n i+j=n

Notice that {q'x: i € Z; } U{0} = {x}, C Uy whenever x € Uy, and

f; (x) g (¢'x) is the multiplication from the commutative algebra O (Uy).

Moreover,
{H'HK,m:KgUXy m€Z+}

is a defining family of multiplicative seminorms of O9 (Uy) [[y]] whenever
K C Uy is running over all g-compact subsets and m € Z, (the
Arens-Michael-Fréchet algebra)
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The sheaf on the x-direction

The canonical mapping
I(Uq) : Oq(Cy) — O (Ux) [I¥]].
Zalkxy HI(U Z(Zamx>

is a continuous algebra homomorphism. In particular, O (Uy) [[y]] is a
Fréchet Og4 (C,y )-algebra (or Fréchet O, (Cyy )-bimodule) and

Spec (O (Ux) [[¥l]) = Ux.
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The sheaf on the y-direction

One can also consider the Fréchet ®-algebra sheaf [[x]] O% over the
topological space (C,, q) with the formal g-multiplication

Fg =Y ( Y () g <y>) & (X1 0 (u),
n I+j=n
where f =Y, x"f, (y), g = X, x"gn (), The canonical mapping
r(U) = Oq(Cy) — [X]O(U,),

fo= Y auxy —r(U)(f)=) x" <Zk:ankyk>

ik

is a continuous algebra homomorphism. So [[x]] O9 (U, ) is a Fréchet
Oq4 (Cyy)-algebra and

Spec ([[x]] O (Uy)) = Uy.
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The sheaves on g-plane

Both sheaves O9[[y]] and [[x]] O9 are identified with the related Fréchet
®-algebra sheaves on C,y as the direct images along the canonical
inclusions C,, — C,, and C, — C,,, respectively. Moreover, both
Fréchet ®-algebras O, (C,,) and C [[x, y]] equipped with the formal
g-multiplication are identified with the constant sheaves on C,, .

Let U C C,, be a g-open subset. The following topological algebra
decompositions

O (U) [yl] = OF

(Ux) ®Rad O (Ux) [[y]],
(X107 (Uy) = O

U
Uy) ® Rad [[y]] 0% (Uy)
hold. In this case, Rad O% (Uy) [[y]] = TT O%(Ux)y" and

Rad [] 0% (U) = [T x0%(U).
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The sheaves on g-plane

Let U= U,U U, C Cy, be a g-open subset. The canonical maps

01 (Ux) [Iy]] [x]] O (Uy)
s(Ux) N 7 t(u,)
Cl[x.y]]

()

0 ,

t(Uy) . angn (}/) N th J'( )xtyj,
n tj :

are continuous algebra homomorphisms. They are formal evaluations of
the stalks at zero from both directions O9[[y]] and [[x]] O1.
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The sheaves on g-plane

Thus there are Fréchet ®-algebra sheaf morphisms

Oq (Cy)
I/ \r
O ly] [x]] O°
s \ /t
Cllx ]

that makes the diagram commutative.
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The Fréchet algebra sheaf on the g-plane

Now we focus on sections from both directions that are compatible at
zero. We define a new sheaf Fg of Fréchet ®-algebras on C,y to be the
fibered product
Fo=0[yl] _x <] 07
Cllxyl]
of the Fréchet ®-algebra sheaves O%[[y]] and [[x]] O7 over the constant
sheaf C [[x, y]]. It is uniquely given by the following commutative diagram

"Tq
P/ \q
Oyl [X]] OF
s \ /t
Cllxy]]
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The Fréchet algebra sheaf on the g-plane

Let U C C,, be a g-open subset. Then F, (U) consists of those couples
(f.g) € O (Ux) [yl @ [[X]] OF (Uy)

such that 0 ©
£ (0 27 (0
k .,< ) _ 8 k'( ) for all i k €Z..
I: .

There is a unique natural Fréchet ®-algebra sheaf morphism

Oy (Cyy) — Fy

given by the morphisms / and r.
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The fibered product of Fréchet algebras

Let X, Y, Z be objects with morphisms s: X — Z, t: Y — Z from Ja.
The fibered product X x Y of X and Y over Z or the morphism couple
V4

(s, t) is the defined to be the pullback of the morphisms s and t in the
category Fa. Thus X x Y is a Fréchet ®-algebra equipped with the
z

projections p and g that make the diagram

XxY
P g Y
X Y
s N\ St
V4

commutative.

Dosi (Harbin Engineering University, China) Noncommutative formal geometry 13/11 33 /59



The fibered product of Fréchet algebras

It possesses the following universal-injective property: if

w
p' J I
X Y

s\« /t
V4

/

is another similar commutative diagram in §a then there is a unique
morphism u: W — X X Y such that pu = p’ and qu = ¢'.
Z
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The fibered product of Fréchet algebras

The fibered product X x Y of the morphismss: X — Z, t: Y — Z from
z
Fa does exist and

X>Z<Y:{(X,y)EX@Y:s(X):t(y)}

is a closed subalgebra of the direct sum X @ Y of the Fréchet &-algebras.
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The Fréchet algebra sheaf on the g-plane

The standard sheaf O9 of stalks of holomorphic functions on C,, can also
be treated as the fibered product

0 =0} X 0.
For every g-open subset U C C,, we have
O'(U) = O%(U) X O (1)
= {(fo,8) € O (U) ©OT(Uy) : 6 (0) = 80 (0)}
to be a closed subalgebra of the Fréchet sum O%(U,) @ O%(U,). Notice

Spec (07 (U)) = U.
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The Fréchet algebra sheaf on the g-plane

The following diagrams

‘Fq
P / \q
O {ly]] [x]] O
s\ St
C[lx y]]
01
Po / \qo
of o3
o N\ <t
C

are linked in the following way.
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The Fréchet algebra sheaf on the g-plane

There are canonical projections and the trivial character

O (U) Y]] — 0% (Ux), Y ha(x)y" = f(2)
(] O (Uy) — O1(Uy), Y x"gn(y) — &0 (w),
0,00 : Clxyll—C

Based on the universal-injective property of the fibered products given by
these morphisms, we obtain a unique continuous algebra homomorphism

A(U): Fq(U) = OT(U), A(U)(f.8) = (fo,80).

The first challenging problem: is it true that ker A (U) = Rad F, (U) ? If
yes, how can we describe it ?

Dosi (Harbin Engineering University, China) Noncommutative formal geometry 13/11 38 /59



Dosi (Harbin Engineering University, China) Noncommutative formal geometry

The Fréchet algebra sheaf on the g-plane

The filtration given by the subsheaves of the z9-principal ideals of ©% on
C, defines the family {Of (d) : d € Z. } of Fréchet space sheaves. In a
similar way, {O} (d) : d € Z} is given by the filtration of w?-principal
ideals of O% on C,. There are continuous (evaluation) linear maps

0% (d) 0y (d)
Sd \« /fd
C

sq: f(z) — (d!)_l £(d) 0), ty:g(w)— (d!)—lg(d) 0)
that define
09(d) =01 (d) é O} (d)

to be a Fréchet space sheaf on C,,, and O%(0) = OF (0) X 0y (0) = 0.
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The Fréchet algebra sheaf on the g-plane

Ford € N, f € O (d) (Uy), g € O} (d) (Uy) we have
0 (U) (279 (2) = ( £ (2)) lemo = (1) 9 (0)
= ¢ (Ux) (F(2)).
to (Uy) (w8 (W) = ts(U,) (g(w),
Thus the isomorphisms

O (d) (Us) — O (Ux), f(2)— 2z (2),
O3 (d) (Uy)) — OV(Uy), g(w)— w g (w)

are compatible with the evaluations maps.
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The Fréchet algebra sheaf on the g-plane

Using the universal-injective property, we deduce that

0% (d) (U) = 07 (U),  (F(2).g(w)) = (z79f (), w g (w))
is a topological isomorphism of the Fréchet spaces. Thus
{09(d):deZ}

are isomorphic copies of the Fréchet sheaf O% on C,,.
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The decomposition theorem

If UC Cyy is g-open, then A (U) : F4 (U) — O%(U) is a retraction in
§s, which allows us to identify Q9 (U) with a complemented subspace of
Fq (V).
Theorem 1. The following decomposition holds

Fq(U)=0%(U) ®@Rad F, (U)

into a topological direct sum of the closed subspaces. Moreover,

Rad F, (U) = quq (d) (V)

up to a topological isomorphism of the Fréchet spaces, and

Spec (F4 (U)) = U.
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The deformation quantization

Thus one needs to take the structure sheaf 09 of the commutative space
(Cxy, O%) and use its deformation quantization

Fo= ] 0%(d)

dez.,

which results in the noncommutative analytic g-space (C,,, Fq) of
Q4 (Cy)-algebras such that

C., = SpecT (C,y, Fy) .

In this case,
Fq =0T ®Rad Fy.
But I' (Cyy, Fq) is larger than Og4 (C,y) (a bit).
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The global sections

It turns out that

04 (Cyy) = {f = Za;kxiy |f|| Z|a,k|p'+k < 00,0 > 0}
ik

f=Y,auxyk 12/|3ik|P < 00, ¥ |aik] pF < oo,
P>O,I',k€Z+

N

= F(ny']:q)-
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The global sections

For example, the formal series

'kki

Indeed, for p = 1 we have

i1 - L > 2 (%) =

whereas
'kk kkl

lelk'p < oo and Z 'k'p < o0

for all p > 0.
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The topological homology

The canonical embedding 2, — Og4 (Cyy) is a localization in the sense of
Taylor (by A. Yu. Prikovskii (2008)). Using the Takhtajan resolution, we

obtain its resolution R (Oq (ny)®2) :

0= O (Cy)™2 5 04 (Cy )2 B Oy (Cy)? L5 0 (€)™ — 0,

whose differentials can be written as

. [ R, ®1l—ql®L,

1 __ _ —
1®LX—qRX®1]'d =[1®L-R®1 1®L, -R ®1 ],

where L and R indicate to the left and right regular (anti) representations
of the algebra O, (Cyy ).

Dosi (Harbin Engineering University, China) Noncommutative formal geometry 13/11 46 / 59



The topological homology

It follows that every Fréchet Oy (Cy, )-algebra A possesses a similar

resolution. By applying the functor 4 & o & A to the resolution
0q(Cyy)  Oq(Cxy)

R ((’)q (ny)®2>, we obtain that

408, (07 g AR (47).

Therefore R (A®2> is a free A-bimodule resolution of A with the same

differentials, that is, the complex
R (A%2) 75 A0

is admissible. The potential candidates for A are the following algebras

O (Uo) [IY1], [IXIT O (Uy), Fq (U) and C{[x, y]].
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Taylor spectrum

Let X be a left Fréchet O, (Cyy)-module, which means that there is a pair
T,S€ L(X)with TS=gq 1ST A right Fréchet O, (Cy,)-module Y is
in the transversality relation with respect to X if

Torl*“) (v X) = {0}, k>0

In this case we write Y L X (see A. Ya. Helemskii, Homology Banach.
Top. Alg.). Every 7 € C,, being a continuous character of Oy (Cyy)
defines the trivial O4 (C,y )-module C (vy). The resolvent set res (T, S) is
defined to be a set of those 7 € Cy, such that C(y) Lo, (c,) X. The set

o(T,S) =Spec(Oq (Cxy)) \res(T,S)

is called the joint (Taylor) spectrum of the operator pair (T,S).
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Taylor spectrum

The homology groups Torkoq(CXY) (C (), X) can be calculated by means
of the obtained resolution. We come up with the following parametrized

over C,, Fréchet space complex
1

d) d;
0= X—XpX —X—0

with the differentials

—aS )
e a =Tk s—a ]
Thus o (T,S) =04 (T,S)Uc, (T,S), where 0, (T, S)
and o, (T,S) =0(T,5)NC,.

0 __
d =
=0 (T,S)NCy
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The topological homology

Theorem 2. Let X be a left Banach 2(,-module given by an operator pair

T,S € B(X) with TS = ¢ 1ST, and let U C C,, be a g-open subset.
Then

OWIY] L X & Uno(T.S) =2,
x]OW,) L X & Une (TS =2o.
Clxy]l L X & (0,00¢c(T.S).

s it possible to get the same result for F, (U) by passing to the fibered
product of the exact complexes? The answer is NO (in the general case).
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French général

If
X1 Y1 X2 Y>

S1 \4 1/1‘1 So \4 /fg
Zl Z2

are morphisms in Fa, then by a morphism T : (s1, t1) — (s, t2) of these
couples we mean a triple T = (f, g, /) of morphisms

f:X1—>X2, g:Y1HY2,
|: 24 — 2

from Fa such that s,f = Is; and thg = It;. It is a new category of the
couples over Fa. The morphism T in turn defines the morphism

u = fX/g2X1><Y1—>X2XY2,
Z;

2>

pou = fp1, qu=gq>
in §a of the fibered products by the universal-injective property of Xy X Y5.
£
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French général

Proposition 3. Let
0— (S(), to) LN (51, tl) LI (52, tg) —0

be an exact sequence of the morphism couples over §a. Then the related
sequence

u u
0—>X0><Y0—O>X1XY1—1>X2XY2
Zy Z; 7>

of the fibered products is exact, im (uy) is closed, and

H2:X2>< Yg/im(ul):/(fl (1m[ S5t ])/(u'n[ so to ]),

Z>

where im [ s5; t; | =im(s;) +im (&), i = 0,1. Thus the identification
is a topological isomorphism iff im[ sp 1o ] is closed.
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The main results

Nonetheless using our decomposition theorem one can prove the following
transversality assertion for the sheaf F too.

Theorem 4. Let X be a left Banach 2(;-module given by an operator pair
T,S € B(X) with TS = ¢ 1ST, and let U C C,, be a nonempty g-open
subset. Then

J.

Fo(U)yLX & Uno(T,S)
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The main results

Theorem 5. Let U C C,, be g-open. If the left O, (Cy,)-module action
on a Banach space X is extended up to a left Banach Fq (U)-module
structure on X, then

IneN, (TS)"=0and o(T)C U, o(S)C U,

Moreover, the left Banach Oy (Cyy )-module X is lifted to a left Banach
Fq (Cxy)-module structure on X if and only if TS is a nilpotent operator.
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Noncommutative holomorphic functional calculus

Theorem 6. Let X be a left Banach 2(,-module given by an operator pair

T,S € B(X) with TS = ¢1ST, and U C C,, a g-open subset. Then

o(T,$)" C U=13 F,(U)—->B(X), x—T,y—S,
(noncommutative holomorphic functional calculus on U)

a continuous algebra homomorphism. Thus the left 2;-module module

structure of X can be lifted up to a left Banach F, (U)-module one on X
whenever ¢ (T,S5)" 1 C U.
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Let X be a Fréchet space with an operator tuple T = (T, ..., T,) and S
on X with T;S = ¢ 1ST;;1, 1 <i<n—1. Then X®" is a left Fréchet
Oq (C?)-module given by

T 0 0 S 0
T
T: 2 . ) Sn: O
0 Th 0 0

One can easily verify that TS, = g~'S, T. A particular case of this
construction is the case of T; = T; = T and its diagonal inflation TOn,
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For example, T;, S € B(C (K, X)) with
Ti(f(2)) =q'f(z), S(f(2)=F(q2), 1<
where, K C C is a g-compact set. Then C (K, X)®" = C (K, X®") and

<n

-~.

T = 1&qgd---®q" ' eB(C(K X)),
Sn = o, r,,EB(X@”),r,,(Cl,...,C,,)2(62,...,@,,0)

with So € B(C (K, X®™)), Sy (f(z)) =f(gz). If K= {0} and X =C,
then we come up with the matrices

1 0 01 0
q
T = Sp = 0
1
0 qn—l 0 0

in the matrix algebra M, (see O. Aristov 2024).
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If (T,S,) is the operator pair of T = (T
T.S=q 1ST;11,1<i<n—1, then

..... To) and S on X with
(0 (¢ ') U (T,)) x{0} Co(T,S,) C (Uyo (¢ Ti) Ua (T;)) x {0}
In particular, if T; = T; = T for all i, j, then
o (T, S,) = (c (¢ 'T)Uc(T)) x {0}.
In the case of the matrices, we have

{(g7%0),(¢" 1 0)} Co(T,S,) C{(q',0): —1<i<n—1}.

In particular, for the g-closures in (Cyy, q) we obtain that

(@0} = {(¢.0):i <=1}
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Thanks |

Dosi (Harbin Engineering University, China) Noncommutative formal geometry



	Introduction
	The formal algebra at zero
	The q-topology of the quantum plane
	Noncommutative Fréchet algebra sheaves on the complex directions
	The fibered product of the sheaves
	Transversality

