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Integrability in Random Mairix Theory.

Applications to quantum fransport and gquanitum chaos

® Random Matrices for description of guantum transport
IN chaoftic cavities.

® The Integrable theory of Random Matrices
® Other applications



Mesoscopic physics

@ The system geometric scales is between
macroscopic and microscopic (10 m);

@ Both the quantum and statistical descriptions
are required;

@ Significant fluctuations of the observables
requires mean value, moments and
disfributions;

® Conductance G is the easiest to measure;

@ A universal method of description is of interest.



Quantum fransport in chaofic cavities

NL—I—NR
Hiot = Z X eFxa + Z w,’{%w;
k,I=1
leads cavity
M NL—I—NR
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coupling
@ Single electron on the Fermi surface without losses (infinite

potential walls)

@ Broken time-reversal symmetry: the Hamiltonian is
Hermitian

@ The cavity is chaotic (the classical billiard of the same
shape is chaotic)

@ Universal regime: Electron dwell time >> Ehrenfest time
(W<<L)




Quantum fransport in chaotic cavities

Random mairix
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Nearest neighbor density for @
(desymmetrized) Sinai  billiard,
showing that this distribution
agrees perfectly well with the
Wigner surmise (1956)

valid for the Gaussian
Orthogonal Ensemble (solid line).

@ Bohigas-Giannoni-Schmit conjecture (1984):

Hamiltonian of a chaofic system can be replaced by a
random matrix of the proper symmetry

Sinai billiard

N x N random Gaussian Hermitian

O <:> matrix (GOE) 1" — 'H

dP(H) x e 7T H g = H MoadH,

The distribution of the nearest eigenlevel spc:cmgs.
1 N—-1
p(z) = <N Z 5(33 — (Ej1 — Ey))>
j=1

There are many other works were done o support the
conjecture.



Quantum fransport in chaotic cavities
Random scaitering mairix

® Scattering matrix connects the amplitudes of incoming quantum waves with
the amplitudes of outcoming waves; r — reflection part, t — transmission part

(L) (L)
aout . a, - r t T
(a(R))—S(a(R)) 3—( e ) §6 =1

out in
S=1-2itWl(ep —H + invwwhH)~tw
® Conductance is transmission (Landauer 1958)
n .
g:TfttT:ijlj} nzmm{NL,NR}
® Bohigas-Giannoni-Schmit conjecture (1984):.

The Hamiltonian of a chaotic cavity is replaced by
a random maftrix drawn from GUE: ’HT — H

@ Ballistic point contacts: scattering matrix is a random unitary matrix
(Blumel, Smilansky 1990), circular unitary ensemble CUE



Quantum fransport in chaofic cavities
Random mairix integrals

The observable: conductance g = 1T tth = Z?:1 Tg "

The sought quantity is the moment
generation function (Laplace

transform of the conductance density) _Fn(;) — (e:{p (_‘:9)>SECUE(N L Np)
L R
plg) = <5 (g - ZTJ)> = L7 [Fa(2)](9) n=min{ Ny, Np} v =|NL— Ng|

n 1
Integrating out the angular degrees of . T 9
freedom transforms F(z) to the n-fold \‘Fn (2) = ¢, H e T dT) - H(Tﬂ —Tj)
: 0
J=1

integral over the fransmission coefficients ¥<J y

Moment generation function: Cumulant generation function: Squared Vandermonde
determinant

o0 /¢ o0 l

Fe) = 0m lF() = Y (Ui

/=1 /—1



Integrable theory of random mairices

Theory of z-funcfion A= 1T [ / eszT;de] AT

j=1

Vandermonde determinant (1T T T
" 1T, T2 Ty
AATY=T]IL -1 =det | | 77 7 g
i< . : : :
1T, T2 ... T
1 n i 00 ]
The matrix integral = An{T} : | |exp _V{Tj] 4 E umTj dT;
n. Jpn
1=1 N m=1 _

is a t —function that saftisfies the Toda-lattice hierarchy and the Kadomtsev-Petviasvili hierarchies.

Adler, van Moerbeke (1995)




Integrable theory of random mairices
Theory of z-function

o Complete chaos
The matrix integral

Infinite number of integrals of
1 motion and infinite number of

— A?L {T}- H exp | =V I[1;] + Z umT]m dT’; degrees of freedom.
=1 m=1 «

TL' Dn

-

is a 1t —function that satisfies the Toda-lattice hierarchy and
the Kadomtsev-Petviasvili hierarchies.

Adler, van Moerbeke (1995)

T { U }?r?:l

1 - function is a function, which depends on an
infinite number of parameters and satisfies an infinite

number of relations. The number of degrees of
freedom coincide with the
R.Hiroto, M.Sato (1981) number of integrals of motion.

Complete integrability



Integrable theory of random mairices
Theory of z-function, Toda lattice
Fulz) = H [ / | TdT} A2{T}

Toda lattice hierarchy, the first equation:

Fo(2) = Fu(z) + Var(g)‘F”—l(Z)Fnﬂ(Z)

Fu(2)

Initial conditions:
Folz) = L

v+1)! = 2
Filz) = (zv+1) (16 W)

One can calculate the conductance density for small n (number of open channels)

pl9)= (3 (9- T T)), = L7 [Fa)](9)




Quantum fransport in chaotic cavities
Theory of t-function, Toda lattice

n=1 pi(g) =1

||||||||||||||||||||

p2(9) = g° + 2(4—69+39°—¢°)O(g—1)

n=~>2 r
palg) = s
+ @(15&-144%80&—8g3+g4}9(g—2}
n=23 _(g—=2)"

(300—228¢+62g° —4g°+4¢*)O(g—1)

chchch

Geometry: two leads with N, and N numbers of propagating modes;

. n/2 —is the mean value of g.
Number of open channels: n = min {Ny,, Ngp}; / 9

The Gaussian approximation
Asymmetry parameter: v = [Ny — Ng| =0. is only valid for | g-n/2|<n/4



Quantum fransport in chaotic cavities
Theory of t-funclion, Kadomisev-Petviashvili

n

s{u})=ct H U —2Tj+3 “ngmTj’./dj}.] A {T)

Jj=1

The first equation of Kadomtsev-Petviashvili hierarchy (KP-equation):

oA 52 52 52 2
43— log F, + 6 [ — 1 =N
(d4+3duz+4ddu;}) 0g F,, + (dgog}")

Projection onto the hyperplane u=0

9,
The projections of the derivatives C)— 102, Fn
(5]

9,
— log F,
Ous Ve

are unknown.

u=0 u=(

The missing block is the Virasoro constraints



Quantum fransport in chaotic cavities
Virasoro consirainis

Falefu)) = ']

n
j:

1
[/ ATt =2 ungmTj'/de] AT
1 0

The Virasoro constraints

J

= (fnoz,{u}) ) Lo Fn(z,{u})=0

g=0,1,...
The integral is invariant with respect to transformation
of the integration measure (the transformation is zero [Ep; Eq] — (p_Q)£p+q
at the boundaries of the integration domain).

=0
Tj —>Tj +de T;H_l (1—Tj)

; = 0 0 0 9, 9,
=Y B R P I R Z
Ly 2. MUy, (8um+1 8um) z (8u2 + 82) (2n +v) e n(n+v)



Fu(z{w})

Quantum fransport in chaotic cavities
Conducitance cumulants

n

1
Faeful) = T] [ [ ez TdT] AZ{T)

j=1
The Virasoro constraints + Kadomtsev-Petviashvili
projection onto u=0 give rise to the Painleve V

oviz)—n(n+v Requirement of
= exp (/ v() ( )di) convergence: oy (0) =n(n+v)
u=0 0 &r

Painleve V: (:rcr{ir)? — [av — xoy, + 2(0{,)2 + (2n + p)a{,] 2 - 4(0{;)2(0{, +n)(oy +n+ 1})2 =

Moment generation function: Cumulant generation function:
00 ¢ o0 ¢

z o ¢ <

Fulz) = Z(_l)gmﬁﬁ log F(z) = Z(—l) Ry



Quantum fransport in chaotic cavities
Conduciance cumulanis

Geometry of two leads with N, and N, number of open modes
Number of open channels: n = min{ N, N }
Asymmetry parameter: v = | N, — Ng]

7—1

J1 30+ 1)(5 —0)?

J=>2: [(2n+v)* = 5% (j + 1)» Z (5 —0)! Kok — (20N =1 gk =70 = DT = 2) K
Meanvalue k{1 = (n i )
2n + v
Vari ! 7
ariance Ko = K
’ (2n+v)2—1 1
21? 2 _
Skewness K3 = — K
(2n+v)2=1)((2n+v)2 —4) !
n 1 1+ (=1)7 (25 —1)! 7(35% —1) 1
n>1 v=_0 ﬁj_§31+1632+ 8 s |V T s T
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Integrabillity in Random Mairix Theory.

wanium chaos

Fn(z) = (exp (—559)>SchE(2n+u)
n=min{ N, Ng} v =|Ng— Ng

Appli

n 1 1
F<:>=«;1H[/ OTIR | (G
0

=1 LAY

Integrable theory g

Toda Lattice hierarchy:

Representation in terms of
Painleve V transcendent:

Fn(2)F(2) — (.7:“(:;))2 = var(g)Fn_1(2)Fni1(2)

dil?) oy (0) =n(n+v)

(zot)” + [av —xol, +2(0})" + (2n + v)a{/} +4(at) (af + 1) (of +n+v)° =0

V.Al.Osipov, E.Kanzieper, “Integrable theory of quantum transport in chaotic cavities”, Phys.Rev.Let. 101 (2008) 176804



Integrability theory for Random Mairices

Matrix Integral

Rotationally invariant; over
unitary invariant matrices.

Deformation

Often the matrix integral is of Measure
represented in terms of (one
of six) Painleve equation due
to KP-hierarchy.

Theory of T-functions

Variation of
Integral

Internal Symmetry,
AZ(T)

The other hierarches (TL) give
rise to additional relations

Virasoro
Constraints

KP-equation

Sometimes the Virasoro
constraints are not resolvable.

Projection onto the Hyperplane
u=0

Differential Equation for
original Matrix Integral



Quantum fransport in chaofic cavities
Conduciance-shoi-noise power joint cumulanis

-- The realistic Hamiltonian of the cavity is replaced by a random Hermitian matrix
(Bohigas-Giannoni-Schmit conjecture). The scattering matrix is drawn from CUE.

-- The transport characteristics are calculated as an average of the observable over ensemble of random matrices.

n

The observable: conductance (§ — E Tj and the shot-noise power P = 1] E Tj(l — Tj)
j=1 |

Th o .
e sough’r quonﬂ’ry is tThe joint moment Fn(Z, ’LU)
generation function

= (exp (—29) exp (—wP)) sccvr(ans )

l,,.m

o0
Zw
log F.(z, w) E €+mﬁlg7m —
— 'm/!




Quantum fransport in chaofic cavities
Conduciance-shoi-noise power joint cumulanis

n n
conductance ( = 1> and the shot-noise power = T:(1—"T;
J J J

j=1 j=1

n 1
.Fn(Z,’lU) x H |:/ eszwnTj(lTj)j;?dZ}] . A?L{T}
j=1 -0

Integrable theory g

w284 lof(zw)—|—6w2<82 lof(zw))2—|—2(a—8)lo.7:(zw)
T 05T T\ G2 T w  92) o

0? 0? 02
+[ [2@2n+v)n —2z+w (1 — 772)} ——+2(z—2w) +3w——= | log Frn(z,w) =0

022 OzO0w ow?



Quantum fransport in chaofic cavities
Conduciance-slloi-noise power jolnt cugnulanis

conductance g = Z T; and the shot-noise power p = 7 Z 15(1 —=17%)

W
j=1 J=1
. . . . bt Fw”
Joint cumulant generation function log F(z,w) = Z(—U lm =g
=1
The conductance cumulants are known, they play a role of initial Ky = «gf»
0o =

condition for calculation of the shot-noise-power cumulants

ﬂﬁiﬂly+(mn+w ]

Mean value ko1 = (p) =17 M+ v m+v)2—1 U
2
i
Variance .-‘1‘..0’2 — <<p?>> — % 2(2?? —|— IJ)Q'}*]Q :‘1'4,0 —|— 15(2?? —|— I/)'?] h';‘_{‘o —|— (15 + 3}']2) H2=0 — 3'}’]2 (6:‘{2102 + :‘1'4:0)

n>1 v=0 rom = (P") = 0™ [2?1 (1 + g) Om1 + (1 + %) Om.2 —i-(.n;;ml)! [(g — 1)m + (g + 1)m] ]

p -
Vo

(GGaussian part
V.Al.Osipov, E.Kanzieper, “Statistics of thermal to shot noise crossover in chaotic cavities”, J.Phys.A:Math.Theor. 42 (2009) 475101



Averaged characteristic polynomials

p
The averaged characteristic . P _ Ko
polynomials appear in SUSY Hn( {eaiKa Yoo ) = <H det™ [eq — H]>
a=1 Hn)(n

The averaging is taken over ensemble o1 —Tr HHT - N - Re 79/Im
of random Hermifian matrices with the ()3 = c /HT—H(.) ¢ 1_[1 dH;; Qd%jk dHjy
Gaussian probability measure (GUE) = I<

Integrable theory g

. N N . A . 2
B, 1+ 8(n— r)B2, — 4(28, — 382 + 43151)} log IT,, + 6 (321 log Hn) — 8nk

p p
; 0
_ — +1
/@_E;na By=) el —
q Qo aga
a=1

a=1

V.Al.Osipov, E.Kanzieper, “Correlations of RMT characteristic polynomials and integrability: Random Hermitian matrices”, Annals of Physics 325 (2010) 2251



Averaged characteristic polynomials
IL,({caiba o ) = <Of[1 det™ [e, — 7'[]> Integrable theory g

Multidimensional Painleve equation (?):

. 2
{541+8(n—,§)5 —4(2B, — 382 + 4B, 5. )} log II,, +6(52 1ogH) — Snk
+1
H:—Z/{:a B_Zeg 85a

For a single determinant model it reduces to Painleve 1V:

[1,(e : k) = (det" [e — H]),
¢" +6(¢")° —4(e* —2(n — k)P +4ep — Snk =0 = o logH (e; k)

nXxXmn

V.Al.Osipov, E.Kanzieper, “Correlations of RMT characteristic polynomials and integrability: Random Hermitian matrices”, Annals of Physics 325 (2010) 2251



Random Mairix Theory.

Power specirum of a chaofic system

® Power spectrum of a guantum chaotic system is expressed in ferms of Painleve transcendent
equation and behaves differently than 1/f-noise as it has been assumed earlier.

The Joint Probability Density Function (Tuned CUE):
The eigenangles of a random
Unitary matrix with a fixed zero: p " M—1 012
1 1 1
Py () = 'H{eﬁ— ¢ | -H{l—ee{
k<t =1
Power spectrum: 00, = 0,— < 6, >
M—1M-—1
S (w) = Z Z < 00460 > e
f=1 k=1

Integrabletheory g

The power specirum is expressed in terms of Painleve VI

The large-M asymptotic through Painleve V

R.Riser, V.Al.Osipov, E.Kanzieper, “Power-spectrum of long eigenlevel sequences in quantum chaology”, Phys.Rev.Let. 118 (2017) 204101
R.Riser, V.Al.Osipov, E.Kanzieper, “Nonperturbative theory of power spectrum in complex systems”, Annals of Physics 413 (2020) 168065
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Power spectrum difference

Numerics: M=512

Frequency w

2 averaging over 4 x 108 matrices
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16 3 16 traditional assumption that the
§ power-spectrum follows 1/f law for
vy ' chaotic quantum system. The relative
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Random Mairix Theory.

Applicaiions fo guantum fransport and quanium chaos

The achievement has been reflected in press-relies of H.I.T
and Lund University and in scientific mass-media:
http://www.hit.ac.il/sciences/news
events/KanzieperResearchQuantum
http://www.lu.se/article/ekvation-satter-ngret-pa-kaos
https://futurism.com/new-equation-explains-quantum-chaos
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New Equation Explains Quantum Chaos
We just found a new language for chaos theory:
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And, while enigmatic in many

Topics equation that answers the que other even if they are far apart.
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Scientists can now represent the chaotic behavior described by the math in a quantum system with

perfect accuracy: “Yes, we now have an exact equation. Personally, I am actually surprised that it was
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