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Preliminaries

a physics system A <) 3 finite dimension Hilbert space H 4

composite system AB (——) 71 2 Hp

states of the system A (—) positive semi-definite operator on # 4 with
trace 1

the classical-quantum state of ¢ ) ,, , = Zp )|zXz| ® p%

system XA TEX

quantum measurement {um—) (\;}..7, A; >0, Y Aj=1
=1

{Az’}z’e:{
p The probability of obtaining 7 is Tr pA;



Preliminaries

qguantum channel N3 =) completely positive and trace-preserving linear map
from £(H4) — L(Hp)

measure-prepare channel
|Z|

/ ®(p) = Z(Tr pA;)|i)i|, where {A;};cz is a measurement.
i=1

pinching channel

common quantum
channel

U(p) = Zﬂmﬂfg, where II; is projection and )" | II; = 1.
k=1



Preliminaries

Measure on the set of states :

For two states |

¢ trace norm distance: ”p;”l where ||A|l; = TrVA*A

o purified distance: P(p,o \/1—||\f\F||2 (fedelity: F(p,o) = |l\/pvolh)

¢ Umegaki relative entropy: D(p,o) = Tr(plog p — plog o)

log Tr p%o! =@

Petz: D, (p|lo) = T

¢ Rényi relative entropy

log Tr(al?_f po 12?)““

Sandwiched: Da(pug) — ;
(I R



Sandwiched Rényi relative entropy

Properties:

® Monotonicity: D,(p|lo) < Dy(pllo), when o > a.

® Limits: lm D.(plle) = D(p||o) Muller-Lennert et al, JMP, 2013;

: _ " Wilde, Winter, Yang, CMP, 2014.
lim D,(p||lo) = Dnax(pllo) = inf{A: p < 2%}

O — O

® Data processing inequality: D, (®(p)||®(c)) < Du(pllo) for any a > % and quantum channel

Operational meanings for Sandwiched Rényi relative entropy:

Prior work: strong converse exponents

e Mosonyi, Ogawa, CMP, 2015. (Quantum hypothesis testing)
e Mosonyi, Ogawa, CMP, 2017. (The capacity of the classical-quantum channel)
e Cheng, Hanson, Datta, Hsieh, IEEE Trans. Inf. Theory, 2020. (Data compression)



Introduction of the reliability function

Classical communication protocol:

classical channel W : x — » : a stochastic matrix

> W(ylz) =1, W(ylz) >0, VzeX,ye)l
yey

enc: f dec: g

meM={1,...,M} >33m:> w :>y|_>ﬁ1

The error for sending m: > W(ulzm)
ygg—t(m)

2oygg=t(m) W(Yl2m)
M

The average error:  p, = )"
meM



Introduction of the reliability function

Shannons second theorem:




Introduction of the reliability function

Reliability function for a classical channel

Definition 1 Let W : X — Y be a classical channel. For a transmission rate 0 < R < C(W), the
reliability function E(R) of W 1is defined as
1 -
E(R) := — lim —logmin P.(C,),

n—oo 1 Cii

where C,, Tuns over all protocol with |C,| = 2"*.



Introduction of the reliability function

Random coding lower bound

New family of [Fano’61, Gallager’65]:
upper bounds to E(R)

(umbrella bounds) E (R _ _
p(R) Ei(R) = max [Eo(p) — pF]
Desizetsie upper bound to E(R)

(R) Sphere packing upper bound

| | i Esp '
Random Coding v upper bound to F(R) [Shannon—GaIIager—BerIekamp’67]:

and Expurgated

lower bounds - — .
to E(R) Egp(R) S [Eo(p) — pR)]
_— E 3 L Where
Co v Cr Rei C R -
E = max -log ( P(q;)Wm(y)l/(ler))
E(R) olp) = mgx led |2

Figure drawn from:
Marco Dalai, IEEE Trans. Inf. Theory, 2013.



Reliability function in smoothing the max-relative entropy

Smoothed max-relative entropy: Renner, Ph. D thesis, 2005.

Datta, IEEE Trans. Inf. Theory, 2009.
D¢ 7)) = inf D o). ’ ’
max(pH ) pES< (H):P(pp)<e max(P||0)

Its inverse function (smoothing quantity):

e(pllo,r) :=inf{e: D . (pllo) <7} =inf{P(p,p): p<2"c and p € S<(H)}

The meanings of the smoothed max-relative entropy :

¢ A basic tool in one-shot information theory (information

spectrum relative entropy, hypothesis testing relative
entropy, smoothed max-relative entropy).

¢ The -approximate distinguishability cost [Wang, Wilde,
Physics Review Reasearch, 2019, Wilde, arxiv:2202.12433].



Reliability function in smoothing the max-relative entropy

The derivation for the upper bound of €(p||o, )

- 1
Construct a subnormalized state p := QpQ, where Q :={&;(p) < U—(F)Q""cr} \
v(o) denotes the number of different eigenvalues of
v(o)
\ Elp) = Z I1,pII; ,where II; is the projection onto the eignsubspace /
i=1

by pinching inequality
p < (o) (p)
p<v(0)QE:(p)Q <20




Reliability function in smoothing the max-relative entropy

Let p=Trp(1 — Q) and ¢ = Tro(1 — @), then for any s > 0, we have

-

P(pv ﬁ) = \/2p1+3p—3 < \/2 (p1+s(v(1_o_)2)\q)s)

= \/2 (p”s(,v(l—g)?‘q) i — ) = (TR — q))S)

= \/2@(0‘)3 23 (D1+5((p:1_rp)“(qgrrr cr—q))—)\)

& \/ 2w (cr)s 2°(Pres(l)=2).
o y,




Reliability function in smoothing the max-relative entropy

The derivation for the lower bound of €(p||o, )

Let p, be any subnormalized state with p, < 2"a®", Q,, := {p®" > 9.2""¢®"} and p,, = Tr p®"Q,,
qn = Ir ann

an@an 2 9 : 2nrQnJ®nQn
2 an.Oanu

!

P = 9,

by the monotonicity of the fidelity under
quantum channels

F(p®na pn) % F((pnv L= pn)1 (QHﬂ Ak Pn — Q:'a))

E \/pn\/q;q + AV 1 _pn
pn

< — ]-_ T

=3 + p



4 - )
F(p nﬂpn) E F(( nul_pn)u(QH:Trpn_QH))
< VPnVan + /1 —pn
Pn
B 6 I s [ x
\ . l" 4 )
ﬂ(pcgm’pn \/1 — AP, pi) \
Pn 4
o i (e s
= \/1 (3 L p”)
N \/_p_% +pn— 22 /T=7
3 VITh —
Pn 2
= YT e | — &
= ‘/p_\/ 5 - 3§
| B

Reliability function in smoothing the max-relative entropy

®?LHU®R nr )

p'ﬂ.

O-Dl'—‘

c:.c>|;@




Reliability function in smoothing the max-relative entropy

-

For any s > 0, we have

@'-"IL||0"3”'1j n?") < \/2?)(0'@”)52”5(1914-5(,GHJ)—T}

/

Main result 1:

-

—1
: N || N
nhr}rl - e(p?"||o " nr)

-

\

Theorem 1 For quantum states p, o and r € R, we have

I

=3 581;18 {s(r — Di4s(pllo)) }-
J




Reliability function for privacy amplification

Initial state
PV Z p(z)|z)z| ® |2Xz| ® & Devetak, Winter, P. Roy. Soc. A, 2005
TeX
key x
The performance of the scheme
\\\s o ]]‘Z
: Rt A x " : d(ng’ ? 2 ;OE)
Hash function f = P 7 Hash function f |Z]
d is a security measure on the set of states
key f(x) key £(x) trace norm distance
Final state d purified distance
- Umegaki relative entro
hap = X @Kl ® (S plx)pk) ey Py
zeZ z€f~1(2) @)

O



Reliability function for privacy amplification

Reliability function for privacy amplification

Definition 2 For a classical-quantum state pxp and a key rate 0 < R < H(X|E),, the reliability
function E(R) under distance d is defined as

1 1
S . . - . fﬂ Zﬂ, ®n
R} i= ﬂll)n;o - log n}in d(py pns 2| ®pg);

where f, runs over all hash function from X*" :— Z, = {1,...,2"%},



Reliability function for privacy amplification

The derivation for the upper bound of the reliability function

For any hash function f : X — Z, we have A
Hlfllln(XlE)P 2 Hlilin(Z|E)pfu
where HE; (X|E)y = —Dhax(pxelllx @ pE). y

I

4 N

For any hash function f: X — Z and A € R, we have
e(phlllz ® pe, A) > e(pxE|lx @ pE, \).
\_ J




Reliability function for privacy amplification

1
{ P(pl, ., |Z\®’0E) e(plpllz @ pg, —log|Z|) > e(pxellx ® pg, —log | Z|) }

2 n ]l T mn T
[ D}mP(pé BT “®pp) > e(pXpllX" ® pg", —nR) J
Tt n

Main result 2

/

~

Theorem 2 Let pxp be a classical-quantum state, 0 < R < H(X|E),. We have

—1 Iz, 1
Jm = logmin P(o7, g, 7 ® pE") < 5 maxt(Hise(X|E), ~ R).

- )




Error exponent for randomness extraction against quantum side information

Our upper bound:

s

Theorem 2 Let pxp be a classical-quantum state, 0 < R < H(X|F)

»- We have

~

—1 1z, 1
. nﬂ‘fmgbgﬂ};ﬂp(% A ® p") < 5 maxt(Hi(X|E), - R). )
Corresponding lower bound derived from [Hayashi, CMP, 2015]: Y<J(@n2) (1)
lim _—110 min P( I 1z, ® ®”) e l max t(H (X|E), — R)
n—+oc m g fn erLEn’ |Z."t‘ pE e 2 0<t<1 1+t P i




Error exponent for randomness extraction against quantum side information

Exponent
A

Hy(XIE),

d(sH1+s(X|E),) ‘
ds s=1

Rcritial =

HXE), R

(XIE) R

mm critical

1
E,(R) := 5 L max {t(H14++(X|E), — R)}  (Ourupper bound)
1
Ei(R) := 5 012?% {t(HlH X|E)p ) } (lower bound derived from [Hayashi, CMP, 2015])



Summary and open questions

¢ We derive the reliability function in smoothing the max-relative entropy and of
privacy amplification.

¢ We provide new type of operational meanings for the sandwiched Rényi
divergence, in characterizing how fast the performance of quantum tasks
approach the perfect.

¢ The reliability function in smoothing the max-relative entropy has applications
in quantum information decoupling and quantum channel simulation [K. Li, Y.
Yao, arxiv: 2111.06343, 2112.04475].

e Question 1: reliability function for privacy amplification below the critical rate?

e Question 2: reliability function for more quantum information tasks? (might
discover new quantum Rényi relative entropy.)



Thank you !



