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Preliminaries

@ H: separable Hilbert space, dimH = oco.

o T :H — H linear operator.
|T|| = supjq<1 ITx|, operator norm.
T is bounded if and only if | 7| < co.
B(H): the set of bounded operators on H.

e For T € B(H), its adjoint T* € B(H) is defined by
(Ta,y) = (z,T"y)

B(H)sq :={T € B(H), T =T"*}.

@ Spectrum of T', o(T
For A € B(H)sa, o(

)= {)\ € C: A1 — T is not invertible}.
A) C
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Example

H= LQ([av b])v Af((l?) = a:f(x),
A € B(H)sq and o(A) = [a, b].

Example

7'[ = 62 = {(.’L’n)n21 o ZnZl ’I’n’2 < OO},
(bn)n>1 @ bounded real sequence,
B(l'n) = (bnxn)7 B e B(%)saa U(B) = (bn)nzl-

o T € B(H) is diagonal & 3{e,}>1 C.ON.S of H s.t. Ten = Anen.
B is diagonal, but A is not diagonal.
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@ KC(H) := the set of compact operators of H
={T € B(H) : {Tx: ||z|| < 1} is relatively compact}.
e For T € B(H),
T2 == Te(T*T)Y? € [0, o],
Co:={T € B(H):|T||2 < oo} C K(H). Hilbert-Schmidt class.

Theorem (Weyl-von Neumann, 1909, 1935)

VA € B(H)sa,Ve > 0,3K € Co N B(H)sa 5:t.
B = A+ K is diagonal and | K| < «.
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Spectral theorem and Lebesgue decomposition

o Every A € B(H)sq is unitarily equivalent to
(H, A) = @i(L*(0(A), mi), M)

M;h(z) = zh(zx) for h € L*(c(A), ;).
@ For f:0(A) — C bounded Borel function, define
F(A) = @My L2 (a(A), i)
where My is the multiplication operator by f.
o Lebesgue decomposition
Hi = Hia + fli,s-
[iq absolutely continuous w.r.t. dx, i.e. du;q = %dm.
i s singular w.r.t. dx
L*(0(A), pi) = L*(0(A), pia) ® L*(0(A), pi,s)
(H, A) = (Haca Aac) S (Hs; As)
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o C; :={T € B(H) : Tx(|T|) < oo} trace class, here |T'| = VT*T.
C1GC G K(H)

Theorem (Kato-Rosenblum, 1957)
A,B € B(H)sq, A— B € C1 = Ay and By, are unitarily equivalent. }
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Normed ideals

o T'e K(H).
{1 (T)}32, := the singular values of T', i.e.
the eigenvalues of |T'| in decreasing order.
o ¢:={(ar);2, : ar = 0 for large k}.
A norm @ : ¢ — [0, 00) is symmetric & ®(a) = P(a )
(a3)?2, is the decreasing rearrangement of (|aj|)32
e For T' € K(H), define
HT”@ = limy oo @(/Ll(T), ug(t) ceey /J,k(t), 0,0,.. ) S [0, OO}
Se 1= {T € K('H) : ||TH<1> < OO}
(Sa, || - ||lo) is a Banach space, called the (symmetric) normed ideal.
S((DO) = F(’H)”'”q), where F(H) is the set of finite rank operators.
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Normed ideals

Example

Schatten-von Neumann classes. .

1 <p<oo, Pp(a) = Xk |1an|p)5-

1Tl = ITlls, = (T(TP))>.

Cp:=08s, ={T € K(H) : | T||, < oo} C K(H).
1< p2 = Cpl ; sz.

Example

(p, 1)-Lorentz ideals.

1<p<oo, ®pafa) =3 52 1k,’t%'
ITlp1 = T |2, -

Coi ={T € K(H) : | T||pq < oo}
Ur<pCr ; Cp71 ; Cp,CLl =C.

The trace class C; is the smallest normed ideal.
Hongyin Zhao (UNSW) March, 2023

8/21



Theorem (Kuroda '58)

If a symmetric ® is not equivalent to || -
theorem holds w.r.t. SC(DO).

1, the Weyl-von Neumann

What happens in the case of normal operators?
T is normal & 77 = 77+
& T =A+iB,A B ¢c B(H)sa, AB = BA.
Theorem
The Weyl-von Neumann theorem for normal operators is true w.r.t.
QO K(H) (Berg '71)
Q C (Voiculescu '79)
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Approximately equivalence of representations

@ Diagonality modulo compact operators is related to the approximately
equivalence of representations.

o Let #H, L be two Hilbert spaces. Suppose A C B(H) is a unital
separable C*-algebra and 7,¢ : A — B(L) be unital representations.
We say that 7 is approximately equivalent to 1,
denoted by 7 ~ () ¥,
if 3 a sequence of unitaries (Uy)r>1 C B(L) s.t.

QO 7(A)-Uwp(A)U e K(L), VAec A, k> 1.
Q@ limy,oc [I7(A) = U (A)U7]| =0, VA€ A.
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Voiculescu's theorem

Theorem (Voiculescu's theorem, 1976)

Suppose A C B(H) is a unital separable C*-algebra and p: A — B(L) is
a unital representation s.t. p(AN K(H)) = 0.

3 a sequence of isometries Vi, : K — H s.t.

Vip(A) — AVy is compact, Vk>1, VA€ A,

and limy_, o [|[Vkp(A) — AVi|| =0, VA€ A

Corollary

Suppose p : A — B(L) is a unital representation s.t. p(ANK(H)) = 0.
Then id ~ id @ p.
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Quasicentral modulus

a=(A,...,A,) € B(H)", A e B(H).
B = (Bi,...,By).
a+pB:=(A1+B1,..., A+ By).

(A, 0] == ([A, A1l ..., [A,To]).

[alle == maxi<j<n [|4;|e-

SIS

Definition
For a € B(H)™ and a symmetric norm ®,

ko(ar) :== inf{ligninf I[Ak, ]||le : rank(Ag) < 00,0 < Ay, Ar T 1}.
—00

kp(a) := ks, ().
]Cp71(04> = kcppJ (a)
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Theorem (Voiculescu '79)

For every commuting o € (B(H)sa)™ and a symmetric norm ®, T.F.A.E.
Q ko(a)=0.
@ I commuting diagonal $ € (B(H)sq)" s.t. a« — B € (S((I,O))”.

@ Ve > 0, 3 diagonal commuting € (B(H)sq)" sit. o« —f € (S((I)O))”
and ||a — Blle < e.

Theorem (Voiculescu '79)
Assume o € B(H)",
Q Forl < p < oo, ky(a) is either 0 or co.
@ If a is a commuting self-adjoint n-tuple with n > 2, then k,(«) = 0.

v

@ Question: k, is not sharp, how about other normed ideals?
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Spectral multiplicity theory

For a commuting a € (B(H)sa)",
@ o(a) C R™, here o(a) is the support of the spectral measure of .
(H,a) = @;(L*(o(a), ), o)
a; = (My,, My, ...,M,, ) on L*(o(a), u).
o (H,a) = (Hac, Cac) ® (Hs, avs) w.r.t. the n-dimensional Lebesgue
measure \,,.
° (Haa aac) = @zozl(Lz(Xka An)a ak)
U(OC)ZXoDXl ODX9D -
The mutiplicity function m : o(a) — {0,1,2,...,00} is defined by
k if z € Xk\Xk-i-l
m(x) = _
oo ifxe N X;.
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Theorem (Voiculescu '79)

n

3 a universal constant 0 < v, < 0o s.t. ¥ commuting o € (B(H)sq)"™,
(kn1(a))™ = 1m fa(a) m(z)d\, ().

v = %,'yn for n > 2 is unknown.

Corollary (Voiculescu '79)

Va € (B(H)sa)", a = as < kp1(a) =0 < 3 commuting diagonal
B € (B(H)sa)" s.t. =B € (Cpp)"
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@ A normed ideal Sg is called an n-diagonalization ideal if ¥ commuting
self-adjoint n-tuple « is diagonal modulo (S¢)™.
A normed ideal which is not an n-diagonalization ideal will be called
an n-obstruction ideal.

Theorem (Bercovici-Voiculescu '89)

Let n > 1. A symmetric normed ideal Sg is an n-obstruction ideal if and
only if S C Cp 1.
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Generalizations to hybrid normed ideals

Theorem (Voiculescu, 2018)

Let n > 1. For every commuting self-adjoint o € (B(H)sq)"™ and

symmetric normed ideals S(O) . S((I)Oz, b = Séol) X +ee X S<(1>073’ T.F.A.E.

@ Fko(a) =0
@ Ve >0, 3 commuting diagonal 6 C (B(H)sa)™ s.t.
a—éGSc(I,Ol) X xSc(Doz and ||l —d|ls < e.

Theorem (Voiculescu, 2018)
Letp; >1,1<j<ns.t Z ——1and<I> =0, 1,1<j<n.

3 a universal constant 0 < < oo depending only on p;j,1 < j <n s.t.

commuting o € (B(H)sa)",

(ko ()" =75 [ m(z)dz,
where m is the multiplicity function of ..

v
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Unbounded Fredholm modules

Unbounded Fredholm modules is an object studied in
non-commutative geometry.

o Let H be a separable Hilbert space, A C B(#) a unital C*-algebra,
J a normed ideal.

An unbounded 7-Fredholm module over A is a pair (H, D), where
D is an unbounded densely defined self-adjoint operator on H s.t.

@ theset A:={a € .A:[D,a] can be extended to a bounded operator}
is dense in A.

Q@ [D|ted.
Here |D|~! is the pseudoinverse of |D].

o If 7 = K(#), an unbounded J-Fredholm module is simply called an
unbounded Fredholm module.
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@ (p,o00)-Lorentz ideals, 1 < p < 00
k
= 14

Dp,00(@) = sUpPy>1 42 (/e
Cpoo :={T € K(H) : HT||poo < 00}
(Cg1)™ 9" = Cp o with ¢ = -5, where the dual is with respect to the
coupllng (A, B) = Tr(AB).
@ Dixmier trace
N
Trw(A) :(JJ({W Ekil /,Lk(A)}NZl), A Z O,AECLOO.
where w € 0%, s.t

@ w is a singular: i.e. vanishes for any finite sequence
@ dialation-invariant: w(aq,as,...,) =w(a1,a1,as,az,...,)
Q w(l,1,1,..)=1
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Dixmier trace as an estimate of k,;

Theorem (Connes, '88)

Let D be an unbounded self-adjoint operator in H, such that
|D|7! € Cpoo (where 1 < p < o0).

V finite subset X of A = {T € B(H) : [T, D] boundedy},
kpa(X) < By(suprex D, X]I) (Tru (1D 7)) 177,

where 3, is a universal constant and Tr,, is the Dixmier trace.
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Problems

What happens if instead of B(H), we consider von Neumann algebras
M C B(H), normed ideals 1, ..., , of M and commuting self-adjoint
tuple a € (Mo)™?
For convenience, we denote @ = 71 X - -+ X Jp.
If 3 commuting diagonal n-tuple 6 = (D1,...,Dy) € (Mg)" s.t.
A; — D; € J;, we say that « is diagonal modulo &.
fJi=...=J,=J, we say « is diagonal modulo J.
@ Can we define analogously quasicentral modulus kg () for o € M™?
@ Is is true that kg(a) = 0 < « is diagonal modulo 7
@ What can we say about a; and ay.?
@ Spectral multiplicity function does not work well for von Neumann
algebras, what is the proper analogue of spectral multiplicity theory in
von Neumann algebras?
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